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Abstract

The abolition of apartheid should have improved the employment prospects of black
South Africans. The reality seems to have been different, with rising unemployment rates.
Disentangling the real trends from changes in measurement and sampling design has proved
to be difficult. We tackle this issue by means of an new methodology for decomposing
changes in a proportion.
Our approach is based on a methodology presented by Lemieux for continuous vari-

ables. In particular we show how we can construct counterfactual data at the individual
level controlling for unobservable effects. We show that this methodology has many attrac-
tive features when compared to other approaches available. In particular it lends itself to
graphical analyses.
We use this methodology to explore changes in the proportion of African men being

employed, unemployed and not economically active in South Africa in the post-apartheid
period. Our results suggest that changes in the characteristics of these men have made
them more employable over time, but that the propensity to be employed has declined.
One might say that the human and social capital of these men has improved, but that
the returns on that capital have declined. The net effect has been to leave measured
employment more or less static. Changes in their characteristics and in their propensity to
be economically active have both worked towards increasing the participation rate. As a
consequence unemployment has risen over time.
The analysis confirms that there are important measurement changes between different

national surveys.
Keywords: decomposition, discrete choice models, South Africa, employment, unem-

ployment, participation
JEL Codes: C25 J21
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1 Introduction

South African social engineering has been on such a scale that it might be thought of as a social
laboratory in which many huge “unnatural” experiments have been carried out simultaneously.
For a social scientist this presents many opportunities, but also many challenges. How does
one begin to pick apart the impact of different policies? The labour market is one arena which
saw many distortions. Black South Africans were subject to the “colour bar” which excluded
them from certain occupations. Controls on migration kept many of them in the rural areas
and segregation of the schooling system made the accumulation of skills more difficult. The
deracialisation of the South African economy after 1994 should therefore have led to big shifts
in the employment of black South Africans. The reality seems to have been quite different
with increasing rates of unemployment during the first decade of democracy (Banerjee, Galiani,
Levinsohn and Woolard 2006). Understanding the dynamics of these changes is bedevilled by
measurement problems. In principle it should be easy to track the shifts. Since 1993 there have
been annual (or even biannual) national household level surveys that have attempted to measure
employment and labour force participation. Regrettably, however, changes in sampling design
have made attempts to compare trends over time very difficult (Branson and Wittenberg 2006).
Our approach in this paper is to analyse the changes by means of a Lemieux-style decom-

position (Lemieux 2002) for a discrete choice model. This, to our knowledge, is the first time
that this has been done. This decomposition allows us to look at the changes in two ways. We
ask what the South African labour market would have looked like if the individuals sampled in
previous years, had faced the labour market conditions (coefficients) of March 2004. We also ask
what the labour market would have looked like if the individuals sampled in March 2004 had
faced the conditions of previous years, while keeping their characteristics, including any unob-
servable traits that impacted on their labour market status in 2004. These should bound the
actual changes even with the shifts in sampling design.
The decomposition reveals that changes in the average characteristics of African males1 made

them more employable over time. This is as we would have expected. Changes in education and
freer migration since the end of apartheid should have improved the job market prospects of
these individuals. This effect is offset, however, by a declining overall propensity to be employed.
One might say that while the human and social capital of African males has improved over
time, the returns attached to that capital have declined. This might be due to changes in the
position of South Africa in the global economy. The net effect of these shifts in characteristics
and returns is to leave the overall proportion of the population employed fairly constant. Our
analysis reveals also a major participation “shock”, driven both by changes in characteristics and
in the underlying propensity to be active. This is reflected in a large increase in the proportion
unemployed.
Our analysis confirms that different surveys pick up markedly different levels of employment

and participation. In particular, the 1995 survey which has been used to benchmark many
discussions of post-apartheid trends seems to over-capture employment. This will obviously
affect the inferences drawn about labour market trends since the advent of democracy. By
“standardising” the different data series through our decomposition we pinpoint a number of

1It is impossible to avoid racial terminology when discussing South Africa. We use the term “African” to refer
to black South Africans who were not classified “coloured” or “Indian” under the apartheid regime.

2



other anomalous data sets. Despite the fact that these surveys were run by the same organisation
and to similar specifications, these fluctuations are out of line with purely random noise. Changes
in sampling design, field work instructions, field work quality and coding may all have a role to
play. This article should therefore be of interest to people interested in survey measurement
issues as well as anyone concerned with the substantive questions about what happened in the
aftermath of apartheid.
Indeed our decomposition technique should be of interest in itself, since many of the more

interesting problems confronting the applied researcher involve counterfactuals: what would a par-
ticular woman earn if she were treated exactly like a man? What would the income distribution
have been in year X if the conditions had been as in year Y? For many years the standard tool for
these sorts of problems has been the Oaxaca-Blinder decomposition (Oaxaca 1973, Blinder 1973).
The usual idea is to take the coefficients from a regression model estimated over one group or
year and apply them to the other. Over time researchers started to understand that one of the
limitations of this procedure was that it did not always deal satisfactorily with the unobserv-
ables: those variables that matter but that we cannot control for adequately in our models; or the
errors that arise due to some other misspecification of the model. So, for instance, when we ask
what wage a particular woman would earn, we should not simply assign the average wage of the
corresponding men: we should take into account whether she seems to be earning above or below
the level that we would have expected given her characteristics. Consequently some authors
started to pay more explicit attention to the importance of the residuals (e.g. Juhn, Murphy
and Pierce 1993). Recently several authors have extended these approaches and explored ways
of decomposing entire distributions (diNardo, Fortin and Lemieux 1996, Melly 2005). Lemieux
(2002), for instance, has shown how to track changes in the distribution of a variable, while
keeping a set of explanatory variables constant, by means of a simple reweighting procedure. In
principle this is easy to do and it lends itself to simple graphical analyses of the changes. In this
paper we extend this Lemieux procedure to a discrete choice model.
Oaxaca-Blinder style decompositions of discrete choice models have been discussed in the

literature for some time (Even and Macpherson 1990, Nielsen 1998, Yun 2004, Fairlie 2005). The
fundamental approach is to model the propensity to be employed in year X by means of a logit
or probit (or perhaps even multinomial logit) model and to impose the coefficients from year
X onto the observations from year Y. In the process, however, no attention has thus far been
paid to whether the individuals that we observe in year Y have been revealed to be more or
less employable than those in year X. Our approach will be fairly simple. We know whether the
individual that we are observing has, in fact, been measured to be employed. This imposes some
constraints on the impact that the unobservables can have. When we create the counterfactual,
i.e. when we consider whether this individual would have been employed in a different year,
we take this additional information into account. Simply ignoring the unobservables seems to
be problematic for at least two reasons. Firstly, it seems unlikely that the observables will ever
be able to capture all of the determinants of employability. Secondly, it seems plausible that
the model may be misspecified. The stringent assumptions underpinning the logit, probit or
multinomial logit models are unlikely to be fully satisfied in our example. We will rely on the fact
that these maximum likelihood models are reasonable approximations to the underlying “true”
model (White 1982). By correcting our models for the residuals we hope that our inferences will
be even more robust. We will show that correcting for the unobservables can empirically make
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a difference, particularly if we want to extend the analysis to subpopulations.
The plan of our discussion is as follows. In the next section we discuss the literature dealing

with post-apartheid labour market trends. We show that there are some difficulties in comparing
different data sets as they stand. Indeed there has been a vociferous debate about the reliability
of some of the data sets. We then present our new decomposition method. We start (in section
3.1) by rehearsing the Lemieux decomposition for continuous random variables. In section 3.2
we show how this idea can be applied to a binary choice model. We note that this approach
can be extended to a multinomial logit model, but relegate the technical details to an appendix
(appendix A). We then return to our South African example. We first compare our version of
the decomposition to the traditional version in section 4.1. We note that whether one uses a logit
or multinomial logit model for the decomposition matters less than correcting for unobservables.
The unobservables do make a difference! We then look at what the decompositions suggest by
age group (in 4.2). Finally we present our analysis of the trends for the period 1993 to 2004
in section 4.3. We conclude with reflections on what the decomposition reveals and discuss the
utility and limitations of the technique.

2 Employment, nonparticipation and unemployment in
post-apartheid South Africa

South Africa began its first decade of democracy with high hopes. The lifting of all previ-
ous restrictions, active interventions in education, and affirmative action policies should have
significantly improved the labour market position of black South Africans. At the end of the
decade, however, the failure of “job creation” was seen as one of the most pressing policy issues
(PCAS 2003, p.94). More depressingly, some analysts argued that the high unemployment level
reached at that stage was, in fact, an “equilibrium” one (Banerjee et al. 2006). Others contended
that the reason for this failure was due to the democratic state’s protection of organised labour
against the unemployed (Seekings and Nattrass 2006). The suggestion that a large chunk of
black South Africans may have been the victims of democracy has been hotly contested. From
early on there have been voices that have challenged the reliability of the data on which these
analyses have been based.
Central to these debates are the data derived from a series of national household surveys

for which the unit records are publicly available. The first of these was the 1993 Project for
Statistics on Living Standards and Development (PSLSD) conducted under the auspices of the
Southern African Labour and Development Research Unit (SALDRU) at the University of Cape
Town. It was modelled on the Living Standards Measurement Surveys of the World Bank. It
was a survey of 45,000 individuals in about 8,800 households. Since 1994 South Africa’s official
statistical agency, Statistics South Africa, has also conducted annual nationally representative
household surveys in October. These “October Household Surveys” were more narrowly focussed
but had larger sample sizes, generally around 30,000 households, but dropping to as low as 16,000
in 1996. The October Household Surveys in turn were discontinued after 1999 and replaced by
biannual Labour Force Surveys.
A proper discussion of the changes in sampling design and sample sizes of these surveys

would take us too far afield. Suffice it to say that even the surveys conducted by Statistics South
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Africa show considerable variation. The “odd” years 1995, 1997 and 1999 were most similar in
size and design and have consequently featured prominently in most analyses of post-apartheid
employment trends. There are differences even here. The 1999 survey shows a considerable drop
in the average household size over the earlier surveys. This trend continued in the subsequent
Labour Force Surveys. Indeed some part of this change is driven by a very rapid increase in
the number of one person households — so much so that the credibility of the data has been
called into question (Wittenberg and Collinson forthcoming). Of course with the appropriate
weights one could control for these changes. Unfortunately the weights released with the data
sets are post-stratified to gross up to the population aggregates that Statistics South Africa’s
demographic model churns out for the period in question. As new census information becomes
available, the weights change discontinuously. For instance, Casale, Muller and Posel (2004,
p.984—5) note that such changes in weights probably account for an increase of 550 000 workers
between September 2002 and March 2003. As it stands there are two breaks in the series. The
earlier surveys (1993 and 1994) have weights based on the 1991 census. The surveys from 1995
through to 2002 have weights based on the 1996 census, while the more recent Labour Force
Surveys are based on the 2001 census.
There have also been changes in the survey instruments, as discussed by Casale et al. (2004).

They note, for instance, how the Labour Force Surveys devote considerable more attention to
picking up informal activities. Indeed there is considerable evidence that the introduction of the
Labour Force Surveys in February 2000 led to an upward revision in the estimates of employment,
simply due to better recording of such activities (Casale and Posel 2002, pp.170—1). Similarly
Klasen and Woolard (1999, 2000b) discuss quite carefully some of the differences in definitions
used in different surveys. Nevertheless even when they correct for such differences, it does not
shift the overall unemployment rate by more than the odd percentage point.
The main purpose of the Klasen and Woolard papers was to take issue with the International

Labour Organization’s (ILO’s) country report on South Africa (Standing, Sender and Weeks
1996) which initially set the terms for the post-apartheid debate about levels of employment
and unemployment. This report had criticised both the time series and household survey based
estimates. The household level data (chiefly the PSLSD and the 1994 OHS) were criticised on
the grounds of coverage and the definitions of unemployment. Klasen and Woolard corrected
the household survey based estimates for many of the deficiencies highlighted, but concluded
that these corrections would not alter the overall levels markedly. Indeed, they made the point
that it was surprising in how many respects the picture presented by the three cross-sectional
surveys available to them, viz. the PSLSD data set (for 1993), the October 1994 Household
Survey and the October 1995 Household Survey, were congruent. Not only were the estimates
of unemployment in broadly similar ranges, but the patterns of unemployment, particular in its
racial and locational breakdown were very similar. This was despite the fact that each of the
surveys was run according to a different methodology and the definitions of unemployment used
were somewhat different.
The Klasen and Woolard paper led to an emerging consensus among South African labour

economists that household survey evidence could and should be used to analyse the performance
of the post-apartheid labour market (see also Bhorat 1999, Wittenberg 2002). For a while the
debates moved onto considerations of what the appropriate definition of unemployment should be
— the broad or the narrow definition (Kingdon and Knight 2004b, Kingdon and Knight 2006), how
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the unemployed differed from those not searching (Dinkelman and Pirouz 2002), and what the
relationship between household structure and unemployment was (Klasen and Woolard 2000a).
The debate about the reliability of the household survey data resurfaced however, the instant

that labour economists started to analyse changes in the level of employment and unemployment
over time (Bhorat 2003, Bhorat 2004, Casale et al. 2004). The key question was whether the post-
apartheid economy had succeeded in creating jobs for those deprived by the previous regime or
whether changes in the economy (such as increased liberalisation) or in labour market regulations
had led to “jobless growth” or even job losses. Indeed this issue became an important political
one for the government since it found it difficult to accept that South Africa might have a large
unemployment problem (Mbeki 2005).
Given the difficulties in comparing different data sets outlined here, our approach will be

somewhat different. We will use a decomposition technique in order to standardise the compar-
isons (for a different application of a decomposition see Kingdon and Knight 2004a). The change
in the proportion employed, unemployed or not participating between different surveys will be
decomposed into:

• The change in the propensity (i.e. coefficients) while keeping the characteristics constant
This change will encompass firstly changes in the underlying economic conditions which
make it easier or more difficult to find employment; and secondly changes in the measure-
ment and coding process, which incorporates how the questions were asked, what probing
happened and how the answers were categorised.

• The change in characteristics while keeping the propensity for employment/unemployment/
participation constant

This change will encompass firstly, real changes in the underlying characteristics of the
population, such as improved education and better location; and secondly changes in the
sampled population which are not appropriately accounted for by the sampling weights.

• Residual changes unaccounted for by the coefficients or characteristics
It should be stressed that the decomposition analysis does not substitute for attempts to

obtain sampling weights that would make the different surveys truly comparable or attempts
to harmonise the categories and measurements from the different data sets. Nevertheless by
separating out these effects, it does give us some bounds on what the impact of measurement
changes or sampling changes might be. We now turn to present the decomposition itself.

3 Decomposing changes in a proportion

3.1 The Oaxaca-Blinder decomposition as extended by Lemieux

We begin our analysis by rehearsing the basics of the general decomposition of a linear model as
presented by Lemieux (2002). The fundamental Oaxaca-Blinder model (Oaxaca 1973, Blinder
1973) assumes that the variable of interest can be written in linear form as

yit = xitβt+uit (1)
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The subscript i refers to the individual and t the group, in this case the time period; xit is a
1× k vector of covariates, including a constant; βt is a k × 1 vector of fixed parameters and uit
is assumed to a be mean zero error process. Given the OLS estimates bt of βt the sample means
will obey the relationship

yt = xtbt (2)

Consequently the change in sample means from period t to period s can be decomposed as

yt − ys = xt (bt − bs) + (xt − xs)bs (3)

where the first term shows the impact of changing the coefficients and the second term the impact
of changes in the covariates. In the typical application (the analysis of log wages) the first effect
can be thought of as a rate of return or price effect (often identified with discrimination) and the
second the impact of differences in the characteristics (some times referred to as an “endowment”
effect). Following Lemieux, let

yat = xtbs (4)

then we can write this decomposition as

yt − ys = (yt − yat ) + (yat − ys)
The term yat represents the hypothetical mean that would be observed in period t if the coefficients
had been bs. For instance, if yit represents log wages, then yat might represent the average wages
that black people (or women) might obtain if their characteristics were remunerated at the
same rate as those of whites (or men). As Lemieux points out (following Juhn, Murphy and
Pierce (1993)), we can rewrite this in terms of individual level hypothetical values. Individual
observations can be written as

yit = xitbt + buit (5)

where the OLS residuals buit are by construction orthogonal to the regression estimates and have
mean zero. Let the individual level prediction be

yait = xitbs + buit (6)

It follows that yat = y
a
it so all the calculations can be done on the individual level values, i.e. we

can write the decomposition as

yt − ys =
¡
yt − yat

¢
+
¡
yat − ys

¢
(7)

Working with the individual level imputations has an additional advantage, since Lemieux
shows that a simple reweighting procedure can provide us with a way of allowing the charac-
teristics to change, while keeping the coefficients (prices) constant. To fix the intuition in this
regard, let us assume that our observations come in just two types: high education (type H)
and low education (L). In this case we can assume that the covariate vector x consists of just
two indicator variables, one for type H and one for type L. Consequently xt =

£
θHt θLt

¤
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where θjt is the proportion of the sample in period t that is type j. It is easy to verify that the
corresponding regression coefficient bjt is just yjt i.e. we get the trivial decomposition

yt = xtbt

= θHtyHt + θLtyLt

We can now consider what would happen if we changed the distribution to that of period s,
while keeping the coefficients (in this case the mean value within each group) constant, i.e. we
are interested in the hypothetical construct

yct = θHsyHt + θLsyLt

Note that in this particular case yct = xsbt = y
a
s . Trivially we have

θHsyHt + θLsyLt = ψHθHtyHt + ψLθLtyLt

where ψj = θjs/θjt, so we can calculate yct from the individual level data using the individual
level “weights” ψit where ψit = xiHθHs/θHt + xiLθLs/θLt, i.e. ψit = ψj if individual i is of type
j, i.e.

yct =
1

N

X
i

ψityit

Lemieux adapts a procedure introduced by diNardo et al. (1996) to show that this reweighting
procedure can be used even when the covariates are continuous. In this case the approach is
to pool the samples of period t and s and to estimate the conditional probability P (τ = t|xiτ).
This can be done by any appropriate binary choice model (e.g. probit or logit). The reweighting
factor in this case is

ψit =
P (τ = s|xiτ)
P (τ = t|xiτ)

P (τ = t)

P (τ = s)
(8)

where P (τ = t) = 1− P (τ = s) is the unconditional probability that an observation belongs to
period t. This is just the proportion of the joint sample that is from period t. Note that ψit will
be equal to the previous definition in the case where xit is given by the two indicator variables
considered previously.
All of these results go through if the data come from a sample design where the inclusion

probabilities are not equal. In this case

yct =
X
i

ωitψityit

where ωit are the appropriate sampling weights. If we define

ωait = ωitψit

we get the results set out in table 1.
Given the linear nature of this model it is obvious that yact = ys. Indeed in this case there

is no advantage to be had from calculating the individually imputed values yait or the weights
ωait. The power of the procedure is that it can be used with higher moments of the distribution
or with non-linear functions of the variables. If we want to fix the covariates, but allow the
coefficients to change, we use the values yait. If by contrast we want to vary the characteristics
while keeping the “prices” fixed, we use the weights ωait with the original yit values.
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yt =
P

i ωityit The sample mean in period t
yat =

P
i ωity

a
it The hypothetical mean that we would observe in period t if we

were to fix the characteristics but allow the coefficients to change
yct =

P
i ω

a
ityit The hypothetical mean that we would observe in period t if we

were to fix the coefficients but allow the covariates to change
yact =

P
i ω

a
ity

a
it The hypothetical mean that we would observe in period t if we

were to allow the covariates and the coefficients to change

Table 1: Lemieux’s decomposition of changes in a continuous dependent variable

3.2 Decomposing a binary choice model

A number of authors have discussed ways of extending the Oaxaca-Blinder methodology to
binary choice models (Even and Macpherson 1990, Nielsen 1998, Yun 2004, Borooah and Iyer
2005, Fairlie 2005). The standard departure point is to start with a formulation of a binary
choice model

pit = F (xitβt) (9)

which we can estimate by standard maximum likelihood techniques, i.e.

bpit = F (xitbt) (10)

In the case of a logit model (as noted by Nielsen (1998)) we can use the fact that pt = bpt, i.e.
the sample proportion is always numerically equal to the average of the predicted probabilities.
In the case of a probit this will hold approximately. We can then decompose the change in
proportions as

pt − ps ' bpt − bps
=

1

Nt

X
i

(F (xitbt)− F (xitbs)) +
(
1

Nt

X
i

F (xitbs)− 1

Ns

X
i

F (xisbs)

)
=

³bpt − bpot´+ ³bpot − bps´ (11)

where

bpoit = F (xitbs) (12)

The first term of this decomposition is the “coefficient effect”. It is a measure of how much
the empirical proportion would change if the individual attributes were rewarded at the rate bs
rather than bt. The second term is the “covariates effect”. It measures how much of a change we
would expect if the coefficients were fixed and only the characteristics were allowed to change.
Note that perforce this decomposition relies on individual level imputations and counterfac-

tuals. Nevertheless this procedure is not analogous to the one outlined in the previous section,
since we would have effectively ignored the residual term used in the OLS imputations, e.g. in
equation 6. It is clear why we wouldn’t want to ignore these residuals in the OLS case: even
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with identical bs, the hypothetical distribution would differ from the original distribution. If we
are interested in the counterfactual distribution in its own right, or if we are interested in any
statistics other than the mean, the implicit reduction in variance would lead to distorted results.
Can we adapt the Lemieux procedure for discrete choice problems? We can see the immediate

problem if we try to apply the procedure to a linear probability model. We can write this model
in the form of equation 1, estimate it by OLS and the resulting estimates will obey all of the
decompositions as outlined in equations 2—5. One important point about equation 5, however,
is that the residual will be able to take on only two values: buit can be 1− xitbt or −xitbt. This
means immediately that equation 6 does not produce valid data in the context of the LPM.
Our approach will be slightly different. We will start with the latent variable formulation of

the binary choice model, i.e. we assume that there is a latent variable y∗it defined as

y∗it = xitβt + uit (13a)

yit = 1 (y∗i > 0) (13b)

where 1 is the indicator function. If we assume that uit has cdf F , then

P (yit = 1|xit) = P (xitβt + uit > 0)

= 1− F (−xitβt)

Assuming that F is a distribution symmetric about zero we get the standard formulation

P (yit = 1|xit) = F (xitβt)

With a suitable choice for F this can easily be estimated by maximum likelihood. Let the
estimates be bt. The corresponding fitted value for the index is just xitbt. Implicitly these define
a residual, i.e.

buit = y∗it − xitbt (14)

Of course y∗it is not observed, so neither is the residual. Nevertheless we can say something more
specific about the distribution of buit given that buit has, asymptotically, the same distribution
as uit. If yit = 1, we know that y∗i > 0, i.e. buit > −xitbt. If yit = 0 we have buit ≤ −xitbt.
Consequently buit will be distributed with F truncated at −xitbt.
Corresponding to equation 6 we will define

y∗ait = xitbs + buit (15a)

yait = 1 (y∗ait > 0) (15b)

Since buit is not observed, neither is y∗ait and consequently we will not always be able to deduce
what yait is either. Nevertheless we can be quite specific about the probability

pait = P (yait = 1|xitbs, buit)
= P (xitbs + buit > 0)
= P (buit > −xitbs) (16)

10



yit = 1 yit = 0

xitbs > xitbt pait = 1 pait =
F (xitbs)−F (xitbt)

1−F (xitbt) =
bpoit−bpit
1−bpit

xitbs < xitbt pait =
F (xitbs)
F (xitbt)

=
bpoitbpit pait = 0

Table 2: Values of pait

Since we know the distribution of buit and the values of xitbs and xitbt this probability can be
easily computed. Indeed if bs = bt then pait = 0 if yit = 0 and p

a
it = 1 if yit = 1. In short p

a
it = yit

for every observation, so pait seems the obvious proxy for y
a
it. For the cases where bs 6= bt we can

summarise the values of pait in table 2.
These expressions can be derived quite easily by Bayes’ Law if we observe that they are just

conditional probabilities, e.g.

P (yait = 1|xitbs, buit) = P (yait = 1|xitbs, yit = 1)
=

P (buit > −xitbs) ∩ P (yit = 1)
P (yit = 1)

where we use bpit as our estimate of the unconditional probability P (yit = 1).
We could now decompose our binary choice model as follows:

pt − ps =
¡
pt − pait

¢
+
¡
pait − ps

¢
(17)

The first term captures the effect of changes in the coefficients, keeping the characteristics as well
as the unobserved errors constant, while the second effect captures both changes in the explana-
tory variables and in the error terms. Unlike with the linear model (where the decomposition in
equation 7 is numerically equal to that in equation 3) this will not be precisely equal to that in
equation 11. This follows since, in general F (xitbs + buit) 6= F (xitbs) even if buit = 0. In practice
Monte Carlo simulations suggest that the two means are very close to each other. This is not
altogether surprising given that the cdf of the logistic and normal distributions is approximated
reasonably well by a linear function in the range 0.3 ≤ p ≤ 0.7.
Given that the decompositions may often be similar, what do we gain from this more com-

plicated procedure?

• In the first place one may conceptually prefer the decomposition given in equation 17.
This will depend somewhat on how one views the process that generates the observations
yit. If one thinks that it is essentially a Bernoulli one (with parameter p as given in equation
9) then one might prefer the decomposition 11. In this view the outcome really is random
and individuals that have the same xit value are essentially interchangeable. If we were to
re-run the social process, the same individual might flip the coin differently and end up with
a different outcome. The latent variable model given in equations 13a and 13b by contrast
assumes that the process is not really random. There are unobservable determinants which
would induce the individual to act in very similar ways if the process were repeated. In
particular if bs = bt the outcome would be identical. The decomposition given in equation
17 attempts to freeze those unobservables when we change the coefficients (or indeed the
characteristics).
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• Secondly there is no guarantee that the means of bpoit and pait would be similar over subpopu-
lations. This could be due to two effects. Some subpopulations may have mean probability
values well away from those characterising the sample as a whole, so that the non-linearity
of the function F in that region may accentuate the difference between F (xitbs + buit) and
F (xitbs). Furthermore there may be unobserved heterogeneity, so that some subpopula-
tion errors may deviate systematically from the posited model. In the empirical analysis
below we will show that there can be quite large divergences between the subpopulation
means.

• Indeed, if the model is misspecified in the sense that the error structure is not precisely
normal or logistic, we know that the Maximum Likelihood Estimator will still provide the
“best” estimates of that misspecified model. Conditioning on the actual yit values seems
to make the counterfactual estimates yet more robust. Since the residuals will absorb
any misspecification, taking these into account in constructing the counterfactual seems
to protect somewhat against the impact of misspecification — particularly if the analysis
is extended to subsamples where we suspect heterogeneity may become an issue. Indeed
in the exercise below we will attempt to look at the hypothetical values in quite small
subsamples (age cohorts).

• The main attraction of the Lemieux procedure for continuous dependent variables is that
the yait values can be used to decompose the variance or other higher order functions of
the entire distribution. This defence is less compelling in this case, since the higher order
moments of a Bernoulli variable are simply functions of the parameter p. A decomposition
of the mean is therefore all that seems to be required. Nevertheless the procedure outlined
above can be adapted for multinomial models (with some difficulties — see below) and
extensions of these that model heteroscedasticity in the unobserved error term. In these
cases being able to model separately the impact of changes in the coefficients, changes in
the characteristics and changes in the distribution of the error terms might potentially be
useful.

In order to round off this discussion we present an alternative approach to decomposing a
binary choice model by analogy with that presented in table 1. This approach is given in table
3.

pt =
P

i ωityit The sample proportion in period t
pat =

P
i ωitp

a
it The hypothetical proportion that we would observe in period t

if we were to fix the characteristics (including unobserved ones)
but allow the coefficients to change

pct =
P

i ω
a
ityit The hypothetical proportion that we would observe in period t if

we were to fix the coefficients but allow the covariates to change
pact =

P
i ω

a
itp

a
it The hypothetical proportion that we would observe in period t

if we were to allow the covariates and the coefficients to change

Table 3: Extended decomposition of a binary variable
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4 Dissecting the post-apartheid labour market changes

4.1 Comparing different decompositions

Before we apply the decomposition in a more comprehensive way, we will examine how different
versions perform in tracking the change between just two years, 1995 and 2004. For this purpose
we will use a specification in which the explanatory variables are a quadratic in age; a linear
spline in education, with knots at 3, 7 and 12 years of schooling, corresponding to completion of
junior primary, senior primary and high school; dummies for province; a dummy for urban/rural
and the household size. This specification is similar to unemployment or employment probits
estimated in the literature (Kingdon and Knight 2004a). We did not include additional household
controls, because of their likely endogeneity. The household size variable was included because
of the discontinuous change in this variable across the data sets, noted earlier.
For the dependent variable we looked at three mutually exclusive states: employed, unem-

ployed (on the strict definition) and not economically active. This requires some comment, since
a number of researchers have argued that the “broad” definition is more appropriate in South
Africa (Kingdon and Knight 2006). We preferred the strict definition for two reasons. Firstly, it is
now the official definition of unemployment used in South Africa. Secondly, there is considerable
evidence that the boundary between the non-searching unemployed and the not economically ac-
tive is just as porous as the boundary between the searching unemployed and the “discouraged”
(Dinkelman and Pirouz 2002). Indeed leaving out the non-participants from an analysis of the
labour market seems wrong in theory and in practice (Wittenberg 2002). Just as some of the
“discouraged” workers are likely to start searching if the probability of success increases, many
of the non-participants will become active. Our sample of analysis is African males aged 16 to 65
and we calculate the proportions over this population. We use 2004 as our base and investigate
what this sample would have looked like if the conditions of 1995 had obtained or if the sampled
individuals had had the characteristics of their 1995 counterparts.
As Table 4 shows, the proportions as measured in the Household Surveys changed markedly

over this period. The proportion employed decreased by around four percentage points, while
the proportion unemployed almost doubled. The implied unemployment rate was 29.4% in
2004 compared with 16.7% in 1995. In 2004 there was also a higher participation rate. In order
to decompose these changes we use four approaches. Firstly, we use a standard approach to
construct the counterfactual proportion bpoit by means of a logit model. Unlike the standard Even-
MacPherson or Nielsen decomposition, we do not use an expression like

³bpot − bps´ to investigate
the impact of changes in the characteristics while keeping the coefficients constant (see equation
11). Instead we do so by means of a Lemieux-style reweighting, i.e. we take the actual yit
values and reweight them to make the 2004 distribution look like 1995. We “reconstruct” what
the actual distribution in 1995 ought to have been like (given our model) by reweighting the
counterfactual terms bpoit to the 1995 distribution. In short we do an analogous decomposition to
that proposed in table 3, except using bpoit instead of pait.
The second approach is that discussed in section 3.2 and summarised in table 3, i.e. we use a

logit model to construct the counterfactual proportions, but correct these for the unobservables.
The third approach is to use a multinomial logit model to construct the counterfactual propor-
tion. To our knowledge this approach has not been used in any applied work, but the idea is
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straightforward and would be a simple extension of the Even-MacPherson type of decomposition.
Again we complete the decomposition by means of the reweighting procedure. The fourth and
final approach is the decomposition of a multinomial logit model discussed in appendix A.
Before discussing the results of the comparison, it is useful to reflect on how coherent the

underlying modelling strategy is. Unemployment or employment probits have been estimated
by many authors before. Such models assume that the outcome (i.e. the individual is unem-
ployed or employed) is due to some choice mechanism. Whether the estimated coefficients reflect
worker or employer preferences cannot be decided on the data (Kingdon and Knight 2004a,
p.207). Nevertheless the issue is likely to be somewhat more complicated, since the individual’s
choices can be seen as the choice to search or not, and then the choice to accept a job offer,
or not. Conditional on the individual being economically active and being in the application
pool for a particular job, the employer can choose whether or not to make a job offer to the
individual concerned. To the extent to which individuals understand the preference functions
of potential employers, this will feed back into both their search and job acceptance decisions.
The economic costs and benefits (in particular the wage offered and the costs of search) are
likely to feature prominently in these. This suggests that simple employment, unemployment or
non-participation models are likely to distort the underlying social process. Even if we view our
approach as estimating a “reduced form” model, in which the explanatory variables proxy for the
benefits or costs, flattening the decision process into a simple dichotomous one is likely to misrep-
resent the social mechanisms. Furthermore estimating separate employment, unemployment and
non-participation models seems dubious, given that they are part of the same process. Indeed
estimating these separately does not impose the constraint that the imputed values should add
up to 1.
Estimating the proportions by means of a multinomial logit model improves in this regard,

since the proportions will add up correctly. The multinomial logit model is unlikely to be an
appropriate model either, since the underlying assumption of the irrelevance of independent
alternatives will not be met. The “choice” between unemployment and employment is not inde-
pendent of the availability of non-participation as an option. A better choice would be the nested
logit model or one of the other extensions of the multinomial logit model (Bhat 1995, Greene,
Hensher and Rose 2006, Hensher and Greene 2002). Unfortunately it is beyond the scope of this
paper to extend the decomposition methodology to these models. We defer this to future work.
Within the constraints of tractable models, the multinomial logit is likely to be an improvement
on the simple logit specification.
Turning to the results in table 4 we present in the first column (labelled β) the counterfactual

proportion if the 2004 sample was given the coefficients applying in 1995. In the first row, for
instance, we see that 49.9% of African males would have been employed if they had answered
the 1995 questionnaire under 1995 economic conditions. The second column (labelled x) gives
the proportion that would have been employed if we reweight the 2004 sample to make it look
like the 1995 sample. We see that 36.6% of African males would have been employed if the 2004
sample had had the same characteristics as the 1995 one. The third column (x,β) gives the
proportion if we change both the characteristics and the propensity to be employed to their 1995
levels. The first row shows that using the uncorrected logit model we would expect the 1995
proportion to be 0.435. The actual proportion was 0.464, so the change that was due to other
factors (given in the “residual” column) was 0.0284.
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Impact of changing: β x x,β residual
Employed 0.427 in 2004; 0.464 in 1995bpoit, logit model 0.499 0.366 0.435 0.0284
pait, corrected logit model 0.501 0.366 0.443 0.0205bpoijt, MNL model 0.499 0.366 0.435 0.0284
paijt, corrected MNL model 0.503 0.366 0.444 0.0196
Unemployed 0.178 in 2004; 0.093 in 1995bpoit, logit model 0.085 0.174 0.091 0.0017
pait, corrected logit model 0.084 0.174 0.086 0.0064bpoijt, MNL model 0.083 0.174 0.088 0.0047
paijt, corrected MNL model 0.083 0.174 0.085 0.0075
Non-participation 0.395 in 2004; 0.444 in 1995bpoit, logit model 0.419 0.460 0.479 -0.0354
pait, corrected logit model 0.415 0.460 0.475 -0.0308bpoijt, MNL model 0.418 0.460 0.477 -0.0331
paijt, corrected MNL model 0.414 0.460 0.471 -0.0271

Table 4: Hypothetical proportions if 2004 data set had 1995 coefficients, characteristics or both;
African Males aged 16 to 65

Comparing all the results in the table, we see that the corrected multinomial model has the
smallest residual when modelling the proportion employed and the proportion not participating.
It does relatively worst in reproducing the proportion unemployed. The reason for this is due
to the adding up constraint. The modelled (x,β) proportions for the two logit models both
exceed 1 in total. Being unconstrained by the requirement to produce coherent estimates across
the three proportions, the simple logit model does reasonably well in modelling the proportion
unemployed. If we calculate the mean square error across all three categories, the corrected
multinomial model does better than any of the other approaches with a root mean square error
of 0.0198. The corrected logit model performs second best (RMSE is 0.0217) with the simple
multinomial model third (0.0253) and the simple logit model in last position (0.0262). The
moral of this story is that correcting the estimates for the unobservables is perhaps even more
important than estimating with more elaborate models. Nevertheless the multinomial logit in
this case also seems to be an improvement on the simple logit.

4.2 Analysing changes by age group

The case in favour of “correcting” the predicted values for unobservables is strengthened when
we analyse the performance of the imputations on subpopulations. Since we are creating weights
and hypothetical values at the individual level it is very easy to calculate the proportions not
only in aggregate but over particular subgroups. In this case we are interested in looking at
the proportion employed by age group. We show the results graphically in Figure 1. Several
trends stand out. Firstly the uncorrected models give very similar results as do the two models
correcting for the unobservables. Secondly the corrections have the effect of pulling the estimates
upwards among twenty-five to thirty year olds and among fifty-five to sixty-five year olds. In both
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cases this has the effect of pulling the estimates closer to the true values. Thirdly some significant
gaps between the imputed and the actual values remain, particularly around age thirty.
For the remainder of this paper we intend to work with both aggregate decompositions and

decompositions by age. In order to ensure that the age profiles that we report are not biased by
our choice of a quadratic in age, we fit models in which we use separate dummies for every age
and dummies for every educational level obtained. The additional controls are as before, i.e. we
use provincial dummies, an urban-rural dummy and household size.

4.3 The aggregate changes

In Figure 2 we show the hypothetical distributions (changing β) while keeping the characteristics
fixed at the March 2004 level. Because of the number of lines in this picture, we smoothed them
to make the graph clearer2. Three data sets stand out:

• the 1993 PSLSD data set seems to pick up more employment at young ages than any of
the other surveys;

• the 1995 OHS shows higher levels of employment after age 25 than any of the other data
sets, except for the PSLSD. In fact at the peak employment level around age 40, this data
set seems to pick up around 8 percentage points more employment than the others.

• the 2000 September LFS seems to pick up more employment among workers over 55 years
than the other surveys do

Except for these three data sets the other ones are roughly in a band, but with appreciable
movement between years. It is noticeable that the 2004 figures tend to lie right at the bottom
of this band, which suggests that the propensity to be measured to be employed is lower in the
2004 data sets than in the others. Even discounting the evident outliers in 1993 and 1995 the
picture suggests that the propensity to be measured to be employed has decreased over these
data sets.
Figure 3 provides the corresponding picture when we reweight the 2004 data set to take on the

characteristics of the earlier data sets. What is noticeable in this instance is the smooth upward
progression in the employment profiles. Some of the sample populations in the earliest data sets
(in particular 1993 and 1995) have characteristics which would have dramatically lowered the
employment rate if these individuals had faced the conditions pertaining in the 2004 sample.
The story here seems equally clear: the African male population has become more employable
over time.
The aggregate trends for all three states is given in Figure 4. Even accounting for the fact

that the 1993, 1995 and 2000 propensity to be employed (dotted line) seems too high, there seems
to be a definite downward trend in that propensity over the period. The dashed line, by contrast,
confirms the fact that the characteristics have changed in such a way that the population has
become more employable. The net effect (correcting 1993 and 1995 down) seems to be to leave
the employment level more or less unchanged. Given population growth this must imply net job
creation, but not at a rate faster than the population growth rate.

2The unsmoothed graph is available from the author on request.
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The non-participation graph suggests that the propensity to be a non-participant has de-
creased over time while the characteristics have changed in such a way to accentuate this trend.
Consequently there has been a clear increase in participation. This must imply an increase in
unemployment, which is confirmed in the bottom left panel of Figure 4. In the bottom right panel
we calculate the implied unemployment rate given the proportion employed and the proportion
unemployed. The coefficients (economic conditions as well as the measurement process) have
changed in such a way over the years that the unemployment rate has tended to rise. The char-
acteristics of the population (increased employability) have changed in such a way that we might
have expected the unemployment rate to fall slowly. The “coefficients” effect, however, seems to
have outweighed the effect of better characteristics. Consequently the measured unemployment
rate has increased since 1993.
A final piece of evidence is contained in figure 5 which graphs the root mean square error of

the decomposition for each of the data sets. It is evident that the decomposition was relatively
least successful in two of the “odd year” October Household Surveys. Many comparative analyses
have been based on the 1995, 1997 and 1999 OHSs, because they have been thought to be more
comparable, given the fact that they have similar sample sizes. This figure suggests that the
neglect of the even years (1994, 1996 and 1998) may be unwarranted.

5 Conclusion

Several points emerge from the empirical analysis. Firstly, there are year-on-year shifts in the
propensities which seem too large to be real. We suspect that the 1993, 1995 and 2000 data sets
found too much employment and in the case of the last data set too little non-participation. The
problematic nature of the 1995 data set is particularly noteworthy, given how central this data
set has been to previous discussions of post-apartheid trends (Branson and Wittenberg 2006).
Secondly, despite these concerns the decompositions paint a plausible picture overall:

• Changes in the characteristics of the population since 1993 (such as in education and
location) have made African males more employable, more likely to participate and on
balance should have brought the unemployment rate down

• Changes in economic conditions and in the measurement process have reduced the propen-
sity to be employed, increased the propensity to be economically active and (on both
counts) increased the propensity to be unemployed.

• The actual changes are the outcome of these some times opposing and some times com-
plementary tendencies. In the case of employment, the total change is the net effect of
two offsetting trends. Discounting data errors in the early period, the underlying change
is likely to have been either flat or perhaps a small increase over time. Given population
growth this would translate into some real employment gains, although not on the scale
required to address poverty. In the case of participation, however, both trends work in the
same direction, leading to a marked increase in the participation rate. As a result, the
unemployment rate has undoubtedly increased.

What might these trends say about the performance of the post-apartheid labour market?
The fact that employment prospects have worsened may be linked to the increase in participation.
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As more people join the labour force competition for jobs will become heightened, unless demand
increases even more. Our evidence suggests that there has at best been moderate employment
growth. Why then the marked increase in participation? What would induce people to join the
labour force in such numbers if the probability of finding a job is constantly diminishing? Several
explanations come to mind:

• Perhaps the simplest is the one advanced by Branson and Wittenberg (2006). They suggest
that changes in the schooling system have led to much faster exit rates from schools among
black South Africans. These post-apartheid cohorts seem to achieve the same (or even
better) educational outcomes as earlier ones, but leave the schools faster.

• It is possible that certain categories of individuals have become active in the labour market
precisely because of the rising unemployment rate. This “added worker effect” (Lundberg
1985) was raised as a possible explanation for the increased participation by South African
women (Casale and Posel 2002). This point would be harder to reconcile with the fact that
we are also showing higher participation rates by African men.

• The lifting of all restrictions to access to jobs might have released a pent-up demand for
participation that was only revealed with the demise of apartheid.

One might be tempted to assume that the value of “outside options” might have decreased
over this period. This is not consistent with the fact that social welfare payments increased
substantially, which should have increased the value of non-participation. It might, of course,
also have increased the value of search.
In this paper we will not be able to settle these issues. Indeed our main contribution is that

our decomposition stays clear of some of the concerns about the comparability of the data sets
that has stymied some of the debates. Although the analysis is not immune to these problems, it
does offer a more systematic way of disentangling changes in the characteristics of the population
(real or due to changes in sampling design) from changes in the propensity to be measured in
these states.
Indeed another important contribution of this paper has been to develop a Lemieux-style

decomposition for discrete data. We initially showed for a binary choice model how we could
construct individual level hypothetical data imposing the response rates from another survey,
while keeping the effect of unobservables at their original level. In the appendix we extended
this approach to a multinomial model with three categories. The approach could be adapted for
higher order models, but would become rapidly intractable.
In the empirical part of the paper we showed that correcting for the unobservables does make

a difference. It improves the accuracy of the decomposition (as measured by the root mean
square error) and improves the fit of the relationship on various subsamples. On balance, the
decomposition technique seems to work well. A particular attraction is that graphs like figures 2
and 3 show what happens in particular subpopulations. The standard numerical decomposition
techniques do not lend themselves to this type of analysis as easily. Furthermore the standard
techniques amalgamate changes in characteristics and changes in the residuals. The reweighting
approach of diNardo et al. (1996) allows us to pick these apart. Nevertheless our results also have
their limitation. A key problem is that the decomposition is only as good as the underlying model.
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To the extent to which the multinomial model distorts the social process, our decomposition will
also be incorrect.
Nevertheless dealing with the unobservables in the decomposition seems a significant step

forward. The hypothetical experiment of subjecting individual A observed in year Y to the
conditions of another year, viz. X , is more convincing if we can in some way acknowledge all
the myriad ways in which traits of A, other than the ones that we had the fortune to measure,
might have mattered for the labour market outcome.

A Decomposing a proportion based on a random utility
model

In order to extend the approach outlined above to a multinomial logit model, we consider a
random utility model. Assume that individual i has choices 0, . . . , J , i.e. yi ∈ {0, . . . , J} where
the utility of choice j is given by

Uij = xiβj + εij (18)

We assume that j is chosen if Uij > Uik for all k 6= j, i.e. if

εik < xi
¡
βj − βk

¢
+ εij for all k 6= j (19)

If the εij terms are independently distributed, then we can write the unconditional probability
that option j is chosen as

Pr (yi = j) =

Z εij=∞

εij=−∞

Y
k 6=j
Fk
¡
xi
¡
βj − βk

¢
+ εij

¢
fj (εij) dεij

where Fj and fj are the cdf and pdf of the εj terms. As McFadden showed, if the εij terms are
iid with extreme value distribution of type I, then the resulting unconditional probabilities take
the form

Pr (yi = j) =
exiβjPJ
k=0 e

xiβk
(20)

This is the multinomial logit model and J of the parameter vectors can be estimated by maximum
likelihood. The standard procedure is to set β0 = 0. In the case where J = 1 this reduces to the
standard logit model.
We can now consider the situation where we observe the choices in two time periods t and s,

as before. As before we can estimate these coefficient vectors in each time period and contemplate
what the effect would be if an individual in time t where to face the social process described by
the parameter vectors b1s, . . . ,bJs. In the case of the multinomial logit model we get

bpoijt = exitbjs

1 +
PJ

k=1 e
xitbks

(21)
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We can now consider how this counterfactual probability might shift if we fix the residuals
at their level t values. In particular, assume that we know that in period t option l was chosen.
In terms of our model we know that

bεik < xit (blt − bkt) +bεil for all k 6= l
Note that there are J inequalities but J + 1 unobserved residuals. Consequently one of the
residuals will not be restricted by these inequalities. Observe furthermore that the behaviour of
this model depends only on the bivariate comparisons of the type xit (blt − bkt) or xit (bjs − bks).
These terms can be thought of as the deterministic part of the index for the comparison of the
option l against k (in period t) or j against k (in period t using the coefficients from period
s). Let υlkt = xit (blt − bkt) and υjks = xit (bjs − bks) and similarly for the other possibilities.
We have omitted reference to observation i, to economise on notation. Observe also that by
definition υjkt = −υkjt.
We want to calculate

paijt = Pr (bεi0 < υj0s + bεij and · · · and bεiJ < υjJs + bεij |bεi0 < υl0t +bεil and · · · and bεiJ < υlJt + bεil)
This conditional probability can be written as the joint probability divided by the marginal
probability. But this marginal probability is

Pr (bεi0 < υl0t +bεil and · · · and bεiJ < υlJt +bεil) = pilt
which is the probability of outcome l estimated (for instance by the multinomial model) for
period t. Since we have a convenient expression for the denominator, we need to consider only
the joint probability

Pr (bεi0 < υj0s +bεij and · · · and bεiJ < υjJs +bεij and bεi0 < υl0t + bεil and · · · and bεiJ < υlJt +bεil)
(22)

We now use the fact that we can treat one of the residuals as unrestricted. We will condition onbεij, i.e. we will be able to write paijt as
paijt =

1

pilt

Z bεij=∞
bεij=−∞ Pr

µ bεi0 < υj0s + bεij and · · · and bεiJ < υjJs + bεij andbεi0 < υl0t +bεil and · · · and bεiJ < υlJt +bεil |bεij¶ fj (bεij) dbεij (23)
where fj is the pdf of bεij. There are two cases to consider:
A.1 Case 1: Option j was chosen in period t

In this case the condition (bεik < υjks + bεij and bεik < υjkt +bεij) can be simplified tobεik < min {υjks, υjkt}+bεij. Assuming that the bεik terms are independently distributed, we can then write
paijt =

1

pijt

Z bεij=∞
bεij=−∞

(Y
k 6=j
Fk (min {υjks, υjkt}+ bεij)) fj (bεij) dbεij (24)
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Two polar cases are noteworthy. If υjks ≥ υjkt for every k 6= j, then the probability simplifies
to pijt and hence paijt = 1. If the inequalities are reversed, then it simplifies to bpoijt, i.e. paijt =bpoijt/pijt. In the case where J = 1 these are the only two possibilities, hence we get the same
result that we got earlier.
Assume now that there are exactly three options. Let us label these j, k and l. Furthermore

let vk = min {υjks, υjkt} and assume that the error terms have extreme value distribution of type
I. Then equation 24 becomes

paijt =
1

pijt

Z bεij=∞
bεij=−∞

©
exp

¡−e−vk−bεij¢ exp ¡−e−vl−bεij¢ª e−bεij exp ¡−e−bεij¢ dbεij
=

1

pijt

1

1 + e−vk + e−vl
(25)

It is easily verified that this formula will generalise in the case of more than three outcomes. It
is also straightforward to show that if every minimum belongs to the same period (i.e. s or t)
then the formula simplifies to either pijt or bpoijt, as discussed above.
A.2 Case 2: Option l 6= j was chosen in period t
In this case we require both bεil < υjls +bεij and bεij < υljt + bεil, i.e. we require

−υljt +bεij < bεil < υjls +bεij
If this condition cannot be met for any values of bεij then the joint probability given in equation
22 must be zero. In order for the probability to be non-zero we require υjlt < υjls. This means
that j must become relatively more attractive in period s than it was in period t if there is to
be a non-zero probability of choosing it. This is obvious: if option l has become relatively more
attractive in period s and it was already chosen in period t, then in terms of utility maximisation
j will not be chosen in period s either.
Assume now that υjlt < υjls. For k 6= l and k 6= j we require bεik < υjks+bεij and bεik < υlkt+bεil,

i.e. bεik < min {υjks + bεij, υlkt +bεil}. We assume again that the bεik terms are independently
distributed. To evaluate the probability in equation 23, we will condition now also on bεil, i.e. we
will have

paijt =
1

pilt

Z bεij=∞
bεij=−∞

Z bεil=υjls+bεij
bεil=υjlt+bεij

(Y
k 6=j,l

Fk (min {υjks + bεij, υlkt +bεil})) fl (bεil) fj (bεij) dbεildbεij (26)
The behaviour of the terms in the inner-most integral turn out to depend on the changes in

the relative attractiveness of j versus k and l versus k between the two periods. We will again
restrict our attention to the multinomial logit model with J = 3. In this case there are four
possibilities depending on the magnitude of υjkt relative to υjks and υlkt relative υlks. These
give four expressions for paijt, as shown in Table 5. The derivations are somewhat tedious, so are
provided in a separate appendix below.
Generalising these results to higher dimensional problems is difficult, since the possibilities

start multiplying rapidly. In particular for every additional variable k that fits into the bottom
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υlkt < υlks υlkt > υlks

υjkt > υjks paijt = 0
1
pilt

³bpoijt − 1
1+e

υkjs+e
υljt

´
υjkt < υjks (1− pijt)−1

³
e
υjls

1+e
υjls+eυklt

− pijt
´ bpoijt

pilt
− 1

pilt

eυklt
1+eυklt

e
υjks

1+e
υjks+eυlkt

− 1
pilt

1
1+e−υlkt pijt

Table 5: Values for paijt in the multinomial logit model with J = 3

right quadrant of this typology the domain of the innermost integral of equation 26 will have to
be subdivided further.
The term e

υjks

1+e
υjks+eυlkt

that occurs in several of these expressions deserves further comment.
We have

eυjks

1 + eυjks + eυlkt
=

exibjs

exibks + exibjs + exibltexi(bks−bkt)

Except for the term exi(bks−bkt) in the denominator, this looks like a multinomial probability,
where the coefficients on choices j and k have been changed to the values obtaining in year s,
but the coefficient on choice l has been frozen at the year t level. Note that if k happens to be the
baseline case then bks = bkt = 0, i.e. the expression would correspond exactly to a probability
with index values xibjs, xibks and xiblt. The term e

υjks

1+e
υjks+eυlkt

can therefore be thought of as the
unconditional probability that yit is equal to j using k as the base case and keeping the relative
attractiveness of option l at its level in period t. The term exi(bks−bkt) functions as a correction —
when period s index values are compared to period t ones they are both scaled implicitly by the
condition that the coefficient vector on the base case should be identically zero in both periods.
This highlights the fact that if coefficients from different periods are “mixed and matched” the
implied probabilities will not be invariant to the choice of the base case.

B Derivations

We present the derivations in the order given in Table 5 starting at the top left hand corner. We
note that if υjlt > υjls then paijt = 0, so we assume that υjlt < υjls. Furthermore we require

υjlt + bεij < bεil < υjls +bεij
• Possibility 1: υjkt > υjks and υlkt < υlks

These assumptions are xi (bjt − bkt) > xi (bjs − bks) and xi (blt − bkt) < xi (bls − bks)
These conditions imply that xi (bjt − blt) > xi (bjs − bls), i.e. υjlt > υjls

• Possibility 2: υjkt > υjks and υlkt > υlks

We have υlkt+bεil > υlkt+υjlt+bεij = υjkt+bεij. It follows that min {υjks +bεij, υlkt +bεil} =
υjks +bεij.
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We now consider what this implies for paijt in the case where J = 3. Equation 26 becomes

paijt =
1

pilt

Z bεij=∞
bεij=−∞

Z bεil=υjls+bεij
bεil=υjlt+bεij Fk (υjks + bεij) fl (bεil) fj (bεij) dbεildbεij

=
1

pilt

Z bεij=∞
bεij=−∞ [Fk (υjks + bεij) {Fl (υjls + bεij)− Fl (υjlt +bεij)}] fj (bεij) dbεij

=
1

pilt

½bpoijt − 1

1 + e−υjks + e−υjlt

¾
• Possibility 3: υjkt < υjks and υlkt < υlks

It follows that υlkt+bεil < υlks+υjls+bεij = υjks+bεij. Consequentlymin {υjks +bεij, υlkt + bεil} =
υlkt + bεil.
In this case

paijt =
1

pilt

Z bεij=∞
bεij=−∞

"Z bεil=υjls+bεij
bεil=υjlt+bεij Fk (υjks +bεil) fl (bεil) dbεil

#
fj (bεij) dbεij

=
1

pilt

Z bεij=∞
bεij=−∞

∙
1

eυlkt + 1
exp

¡
υlkt − e−bεil − e−υlkt−bεil¢¸bεil=υjls+bεijbεil=υjlt+bεij fj (bεij) dbεij

=
1

pilt

1

1 + e−υlkt

∙
eυjls

1 + eυjls + e−υlkt
− eυjlt

1 + eυjlt + e−υlkt

¸
Now note that pilt = exiblt

exibjt+exibkt+exiblt
while 1

1+e−υlkt =
exiblt

exibkt+exiblt
and hence

1

pilt

1

1 + e−υlkt
=
exibjt + exibkt + exiblt

exibkt + exiblt
= (1− pijt)−1

• Possibility 4: υjkt < υjks and υlkt > υlks

We observe that if bεil = υjlt + bεij we must have υlkt + bεil = υlkt + υjlt + bεij = υjkt + bεij
i.e. min {υjks + bεij, υlkt +bεil} = υlkt + bεil when υjlt + bεij < bεil < υjks − υlkt + bεij and
min {υjks +bεij, υlkt +bεil} = υjks + bεij when υjks − υlkt +bεij < bεil < υjls +bεij. Hence
paijt =

1

pilt

Z bεij=∞
bεij=−∞

(" R bεil=υjks−υlkt+bεijbεil=υjlt+bεij Fk (υlkt +bεil) fl (bεil) dbεil
+
R bεil=υjls+bεijbεil=υjks−υlkt+bεij Fk (υjks + bεij) fl (bεil) dbεil

#)
fj (bεij) dbεij

=
1

pilt

Z bεij=∞
bεij=−∞

( £
1

eυlkt+1
exp

¡
υlkt − e−bεil − e−υlkt−bεil¢¤bεil=υjks−υlkt+bεijbεil=υjlt+bεij +

Fk (υjks + bεij) {Fl (υjls + bεij)− Fl (υjks − υlkt + bεij)}
)
fj (bεij) dbεij

=
1

pilt

1

1 + e−υlkt

Z bεij=∞
bεij=−∞

½
exp

¡−e−υjks+υlkt−bεij − e−υjks−bεij¢
− exp ¡−e−υjlt−bεij − e−υlkt−υjlt−bεij¢

¾
fj (bεij) dbεij

+
1

pilt

½bpoijt − eυjks

1 + eυjks + eυlkt

¾
=

bpoijt
pilt
− 1

pilt

eυklt

1 + eυklt
eυjks

1 + eυjks + eυlkt
− 1

pilt

1

1 + e−υlkt
eυjlt

1 + eυjlt + eυklt
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