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Abstract

This note demonstrates that a lattice game with strategic substitutes is dominance-

solvable if and only if there exists a unique fixed point of the function that results

from an iteration of the best response function. This finding complements a result

of Milgrom and Roberts’ (1990) by which a lattice game with strategic comple-

ments is dominance-solvable if and only if there exists a unique Nash equilibrium.

We illustrate our main result by an application to a model of Cournot outcome-

competition.
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1 Introduction

A strategic game is called dominance-solvable if and only if a unique strategy profile

survives iterated elimination of strictly dominated strategies, such that the strategy

profile is a Nash equilibrium of this game. Applied to dominance-solvable games, all

strategic solution concepts - equilibrium solution concepts (e.g., Nash, 1950; Selten,

1975; Myerson, 1978; for an overview see van Damme, 1991) as well as iterative solution

concepts (Bernheim, 1984; Moulin, 1984; Pearce, 1984; Börgers, 1993; Ghirardato and

Le Breton, 2000) - determine the same unique solution. This is a desirable feature of

strategic games.

The present note provides a necessary and sufficient condition for the dominance-

solvability of lattice games with strategic substitutes. In the case of strategic substitutes

each player’s incentive to choose a larger strategy - with respect to the lattice order

- decreases when his opponents choose larger strategies (cf. Bulow, Geneakoplos, and

Klemperer, 1985). Typical examples of games with strategic substitutes are models

of Cournot outcome competition where a firm’s incentive to produce a larger output

decreases when its competitors increase their output.

For lattice games with strategic complements (i.e., supermodular games) Milgrom

and Roberts (1990) show that dominance-solvability is equivalent to the existence of a

unique Nash equilibrium. Although this equivalence result does not apply to the case

of strategic substitutes, we demonstrate as this paper’s main result that dominance-

solvability of lattice games with strategic substitutes can nevertheless be characterized

by the existence of a unique fixed point. However, instead of considering a unique fixed

point of the best response function, we have to consider a unique fixed point of the

function that results when the best response function is iterated.

The remainder of this note proceeds as follows. Section 2 provides a formal definition

of a lattice game with strategic substitutes. We provide our main result in Section 3.

In Section 4 we illustrate this paper’s technical findings by investigating dominance-

solvability of a three-firm Cournot model. Section 5 concludes.

2 Lattice games with strategic substitutes

For a finite set of players I, let G := (Si, Ui)i∈I denote a game in normal form where Si
denotes the non-empty individual strategy set of player i ∈ I and where Ui : Si×S−i → R
represents player i’s preferences over strategies in S := ×i∈ISi. Let fi : S−i → 2Si denote
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player i’s individual best response correspondence such that, for all s−i ∈ S−i,

fi (s−i) := argmax
si∈Si

Ui (si, s−i) .

We henceforth assume that individual best-response correspondences reduce to individ-

ual best response functions, that is, for all i ∈ I and all s−i ∈ S−i, fi (s−i) is assumed

to be single-valued. (While a generalization of this paper’s results to the case of non-

degenerate best response correspondences is straightforward, we omit it here for the sake

of presentational clarity.)

Recall now the following notions of lattice theory (see, e.g., Topkis, 1979; Milgrom

and Roberts, 1990; Vives, 1990, 2005; Amir, 2004). Let ≤L denote a reflexive, transitive,

and antisymmetric binary relation on a the individual strategy set Si of player i ∈ I.

If there exists for all pairs of elements si, ti ∈ Si a supremum, denoted si ∨ ti, and an

infimum, denoted si ∧ ti, in Si then (Si,≤L) is a lattice. (Si,≤L) is a complete lattice

if, for every non-empty subset T ⊆ Si, inf T ∈ Si and supT ∈ Si. On product sets we

impose the product lattice order.

The utility function Ui is supermodular in si if, for all si, ti ∈ Si and all s−i ∈ S−i,

Ui (si, s−i) + Ui (ti, s−i) ≤ Ui (si ∧ ti, s−i) + Ui (si ∨ ti, s−i) .

Strategic substitutes are formally defined by decreasing utility differences whereby we

say that Ui has decreasing differences in s−i if, for all ti ≤L si, Ui (si, s−i) − Ui (ti, s−i)

is non-increasing in s−i.

An individual best response function fi is decreasing in s−i if s−i ≤L t−i implies

fi (t−i) ≤L fi (s−i). Observe that strategic substitutes imply a decreasing individual

best response function while the converse statement is not necessarily true. If the best

response function f := ×i∈Ifi is order-continuous then its values converge on every chain

(C,≤L) ⊆ (S,≤L) - where (S,≤L) is order-complete - in decreasing or in increasing

direction. That is, for any chain, i.e., totally ordered subset of S, (C,≤L) ⊆ (S,≤L),

lim
s∈C,s↓inf C

f (s) = f (inf C)

lim
s∈C,s↑supC

f (s) = f (supC) .

Definition. Call G = (Si, Ui)i∈I a lattice game with strategic substitutes if the

following conditions are satisfied:

• (S,≤L) is a complete lattice.

• For any i ∈ I, Ui is supermodular in si.

• For any i ∈ I, Ui has decreasing differences in s−i.

• There exists an order-continuous best response function f .
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3 Main result

Let ϑ0 := S and denote by ϑk, k ≥ 1, the set of all strategies that are undominated in
S with respect to ϑk−1, i.e., for all i ∈ I, si ∈ ϑki if and only if there does not exist some

ti ∈ Si such that, for all s−i ∈ ϑk−1−i , Ui (ti, s−i) > Ui (si, s−i). The dominance solution

of G = (Si, Ui)i∈I is then defined as the following subset of S:

D (G) :=
∞\
k=0

ϑk.

We callG = (Si, Ui)i∈I dominance-solvable if and only if the dominance-solution contains

a unique point s∗ ∈ S, i.e., D (G) = {s∗}, such that s∗ is a Nash equilibrium of G. Note
that s∗ is a Nash equilibrium if and only if the best response function is well-defined at

s∗, which is satisfied by assumption.

For a given best response function f : S → S define the function f2 : S → S such

that f2 (s) = f (f (s)). That is, the function f2 results when the best response function

is iterated. Now we are ready to state our main result.

Proposition. A lattice game G = (Si, Ui)i∈I with strategic substitutes is dominance-

solvable if and only if there exists a unique fixed point of f2.

In order to prove this proposition we derive two lemmas. Let λ0 := S and denote by

λk, k ≥ 1, the set of best responses to all strategies that survive elimination of strictly
dominated strategies up to iteration step k − 1. Formally:

λk :=
[

s∈ϑk−1
f (s) .

The first lemma states that the smallest strategy profile, as well as the greatest strategy

profile, of the set of surviving undominated strategies, ϑk, and of the set of best responses

to strategies in ϑk−1, λk, coincide in lattice games with strategic substitutes for every

iteration-step k ≥ 1.

Lemma 1. A lattice game G = (Si, Ui)i∈I with strategic substitutes satisfies

maxλk = maxϑk (1)

minλk = minϑk (2)

for all k ≥ 0.

4



Proof of lemma 1: Since S is complete, we have

maxλ0 = maxϑ0 = maxS

minλ0 = minϑ0 = minS.

So assume that, for some k,

maxλk = maxϑk

minλk = minϑk

and observe that, by induction, lemma 1 is proved if, for an arbitrary i ∈ I,

maxλk+1i = maxϑk+1i (3)

minλk+1i = minϑk+1i . (4)

If Ui has decreasing differences then fi is decreasing so that

maxλk+1i = fi
¡
minϑk−i

¢
minλk+1i = fi

¡
maxϑk−i

¢
.

That is, for a decreasing best response function maxλk+1i and minλk+1i are well-defined

by the induction assumption. Moreover, maxλk+1i is the best response to minϑk−i so

that, for ri £L maxλ
k
i ,

Ui

¡
maxλk+1i ,minϑk−i

¢
> Ui

¡
maxλk+1i ∨ ri,minϑk−i

¢
. (5)

Supermodularity implies

Ui

¡
maxλk+1i ,minϑk−i

¢
+ Ui

¡
ri,minϑ

k
−i
¢

≤ Ui

¡
maxλk+1i ∧ ri,minϑk−i

¢
+ Ui

¡
maxλk+1i ∨ ri,minϑk−i

¢
so that we have, by (5),

Ui

¡
ri,minϑ

k
−i
¢
− Ui

¡
maxλk+1i ∧ ri,minϑk−i

¢
< 0. (6)

Consider now individual strategies ri such that ri £L maxλ
k+1
i . Since maxλk+1i ∧

ri <L ri, decreasing utility differences imply

Ui

¡
ri,minϑ

k
−i
¢
−Ui

¡
maxλk+1i ∧ ri,minϑk−i

¢
= max

s−i∈ϑk−i

©
Ui (ri, s−i)− Ui

¡
maxλk+1i ∧ ri, s−i

¢ª
.

so that, by (6),

Ui

¡
maxλk+1i ∧ ri, s−i

¢
> Ui (ri, s−i) , for all s−i ∈ ϑk−i.
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That is, any ri £L maxλ
k+1
i is strictly dominated at iteration step k+1 by the strategy

maxλk+1i ∧ ri ∈ Si.

Accordingly, it can be shown that any strategy ri such that minλ
k+1
i £L ri is strictly

dominated at iteration step k + 1 by the strategy minλk+1i ∨ ri ∈ Si. Consequently,

minλk+1i ≤L si for any si ∈ ϑk+1i . Set-inclusion λk+1i ⊆ ϑk+1i then implies (3) and (4).¤

Lemma 2: Consider a lattice game G = (Si, Ui)i∈I with strategic substitutes. Then

there exists a smallest strategy š ∈ D (G) and a largest strategy ŝ ∈ D (G) such

that f2 (š) = š and f2 (ŝ) = ŝ.

Proof of lemma 2:
Step 1. We show the existence of strategies š, ŝ ∈ S such that D (G) ⊆ [š, ŝ]. By

set-inclusion, i.e., ϑk+1 ⊆ ϑk for k ≥ 0, the sequences
©
minϑk

ª
k≥0,

©
maxϑk

ª
k≥0 are

monotonically increasing, respectively decreasing. Completeness of S then implies the

existence of order-limits such that

sup
©
minϑk

ª
k≥0 =: š ∈ S

inf
©
maxϑk

ª
k≥0 =: ŝ ∈ S.

Since D (G) ⊆
T∞

k=0

£
minϑk,maxϑk

¤
, we have

D (G) ⊆ [š, ŝ] .

Step 2. By applying lemma 1, we now establish that š, ŝ ∈ D (G). This is proved

by showing that all ŝi are best responses to š−i and that all ši are best responses to š−i.

By order-continuity of f at the points sup
©
minϑ2k

ª
k≥0 and inf

©
maxϑ2k

ª
k≥0,

lim
s∈{minϑk}

k≥0
,s↑sup{minϑk}

k≥0

f (s) = f (š)

lim
s∈{maxϑk}

k≥0
,s↓inf{maxϑk}

k≥0

f (s) = f (ŝ)

i.e., for all i ∈ I,

lim
s−i∈{minϑk−i}k≥0,s−i↑sup{minϑk−i}k≥0

fi (s−i) = fi (š−i)

lim
s−i∈{maxϑk−i}k≥0,s−i↓inf{maxϑk−i}k≥0

fi (s−i) = fi (ŝ−i) .
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Moreover, since player i ∈ I has a decreasing individual best response function,

lim
s−i∈{minϑk−i}k≥0,s−i↑sup{minϑk−i}k≥0

fi (s−i) = inf
©
maxϑk+1i

ª
k≥0 = ŝi

lim
s−i∈{maxϑk−i}k≥0,s−i↓inf{maxϑk−i}k≥0

fi (s−i) = sup
©
minϑk+1i

ª
k≥0 = ši

so that

fi (š−i) = ŝi and (7)

fi (ŝ−i) = ši. (8)

That is, if the individual best response function is decreasing then ŝi (ši) is a best

response to š−i (ŝ−i).

Finally observe that (7) and (8) for all players i ∈ I implies

f2 (š) = š and

f2 (ŝ) = ŝ,

which proves the claim.¤

4 An illustrative example: A three-firm Cournot

model

If we adopt the natural order of the reals as lattice order, typical models of Cournot

outcome competition may be described as lattice games with strategic substitutes. For

a two-firm Cournot model Vives (Theorem 4.2. (iii) in Vives 1990) conversed the lat-

tice order of one firm’s strategy set in order to obtain a lattice game with strategic

complements. As a consequence of this trick, this two-firm Cournot model became a

supermodular game for which dominance-solvability coincided with the existence of a

unique Nash equilibrium.

The situation is different however when we consider an n-firm Cournot model with

n ≥ 3. For example, Bernheim (1984) demonstrates for a three-firm Cournot model

that, although there exists a unique Nash equilibrium, any output between zero and

the Monopoly-output belongs to the dominance-solution. More specifically, consider

a symmetric model of a three-firm Cournot output competition such that the utility

function of firm i ∈ I is given by

Ui (s) = (max {0, 1− sj − sk − a · si}− c) · si
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with c ∈ (0, 1) as marginal cost and si ∈
£
0, 1−c

2

¤
as output decision. The greater the

parameter a ∈ [1,∞) the greater is the negative impact of firm i’s output decision on

its inverse demand function, i.e., on the the price achievable by firm i for its product.

As corresponding individual best response function obtains for all i ∈ I

fi (s−i) =
1− sj − sk − c

1 + a

so that we obtain for all i ∈ I

f2i (s) =
1−

¡
1−si−sk−c

1+a

¢
−
³
1−si−sj−c

1+a

´
− c

1 + a

when we iterate the best response function.

At first consider the case a = 1. Observe that the strategy profile (0, 0, 0) - where

each firm chooses zero output - as well as the strategy profile
¡
1−c
2
, 1−c
2
, 1−c
2

¢
- where each

firm chooses the Monopoly-output - are fixed points of the function f2. Thus, although

there exists a unique fixed point of the best response function f , this Cournot model is

not dominance-solvable.

So far we have just confirmed, by an application of our proposition, Bernheim’s

observation. Now endow S with the metric induced by the absolute value norm, i.e.,

d (s, t) =
X
i∈I
|si − ti|, in order to obtain

d
¡
f2 (s) , f 2 (t)

¢
=

4

(1 + a)2
· d (s, t) .

Thus, if a > 1 then f2 is a contraction mapping implying the existence of a unique fixed

point of f2. By our proposition, this three-firm Cournot model is therefore dominance-

solvable whenever a > 1.

5 Concluding remarks

The present note studies dominance-solvability of games where players’ strategy sets are

complete lattices and where players’ strategies are substitutes. As our main result we

establish that a lattice game with strategic substitutes is dominance-solvable if and only

if there exists a unique fixed point of the function that results from an iteration of the best

response function. This result complements a finding of Milgrom and Roberts’ (1990)

who characterize the dominance-solvability of a lattice game with strategic complements

by the existence of a unique fixed point of the best response function.
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