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ABSTRACT: Inthis paper we say that a preference for freedom of choice isjudtifiable
if there exigs areflexive and complete binary relaion on the st of dternatives, such thet
one opportunity set isat least as good as a second, if and only if thethereis @ least one
dternative from the first set which is no worse than any dternative of the two sets
combined together, with respect to the binary relaion on the dternetives. In kesping with
the revered tradition st by von Neumann and Morgengtern we cdll areflexive and
complete binary reation, an aodtract game ( note : grictly spesking von Neumann and
Morgengern refer to the asymmetric part of areflexive and complete binary releion as
an abdract game; hence our terminology though andyticdly equivdent, leedsto a
harmless corruption of the origind meaning).In this paper we obtain necessary and
aufficent conditions for the judtifiability of trangtive and quas trangtive preferences for
freedom of choice.
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1 Introduction

The dominant paradigm of welfare economicsis one of choice, where an individud
chooses one or more dterndives from anon empty given sat of dterndives. There may
or may not be an underlying preference structure with repect to which the decisonis
arived a. However, wefare economics exhibits a preferentid bias towards choice
gtugtions where decisons are determined by some underlying preference sructure. This
iswhet is commonly known asrationd choice theory.

Some problems of decison making are naturdly two stage procedures, as for indance
when in afirst round of interview we short list a st of candidates for a second round of
interview. One way in which such procedures can be viewed isthe find choicesare
determined by the lexicographic compaosition of afirg round ranking followed by a
second round ranking. The compaosition defines abinary relation on the set of
dternativesStudy of such objects are available in Aizerman and Mdishevsky
(1986),Aizerman and Aleskerov (1995),Aleskerov (1999), Lahiri (2000) and more
recently Lahiri (2001). An dterndtive way of viewing such two stage decison problems
isto concalve thefirg stage as the sdlection of afeasble sat, to which the second step
choices are reflected. Thefirg stage decision is often decided by what is known as
preference for flexibility or preference for freedom of choice. Some of the very early
discussions of this concept can be found in Koopmans (1964) , Kreps (1979) and Sen
(1988). The problem received fresh impetus with subsequent contributions by Pettanaik
and Xu (1990,1997,1998)), Klemisch — Ahlert (1993), Arrow (1994), Puppe (1995,1996),
Sen (1990, 1991), to mention afew.

The mogt emphatic statement of the problem discussed in this paper can be traced to the
paper by Arrow (1994). The standpoint that Arrow adopted was the following: There are
many important Stuaions where it makes sense to say that one opportunity setisa leest
as good as ancther if and only if there exigs areflexive ,complete and trangtive binary
relation, with respect to which the best dement of the first st is no worse than the best
element of the second. Such preferences for freedom of choice are Smilar to the concept
of indirect utility functions of rationa economic choice theory. Mdishevsky (1997)
provides axiomatic characterizations of such preferences for freedom of choice. It turns
out thet the axiomatic characterizations make sgnificant use of a property cdled
Monatonicity, which saysthat if one subset contains another subset then the bigger subset
is no worse than the second. While Monotonicity is a doubtful assumption to make for a
choice between being served a cup of teain the morning and the opportunity set which
incdudes the possibility of being “beheaded a dawn” aswell, such is not the caseif the
possihility of being beheaded a dawn is replaced by being sarved coffee in the morning.
The context determines the vdidity of an axiom and in this sense Monoatonicity isno
different.

In this paper we say that a preference for freedom of choice isjudifidbleif there exigsa
reflexive and complete binary reaion on the st of dternatives, such that one oppurtunity
s isa least asgood asasecond, if and only if thethereis a least one dternaive from
the first sat which is no worse than any dternative of the two sets combined together,
with respect to the binary relation on the dternatives. In kegping with the revered
tradition set by von Neumann and Morgengtern we cal a reflexive and complete binary
relation, an abstract game ( note : drictly speeking von Neumann and Morgendern refer
to the asymmetric part of areflexive and complete binary relation as an abdract game;



hence our terminology though andyticaly equivaent, leads to a harmless corruption of
the origind meaning).It turns out that if a preference for freedom of choiceisjudtifiable,
then the base relation with respect to which it isjudtifiable, is Smply the redriction of the
preference for freedom of choice, to the sat of dl singletons.

Our first mgor result is aout the judtifiability of trangtive preferences for freedom of
choice. It saysthat such preferences arejudtifigble if and only if they stify
Monatonicity and Concordance.Concordance saysthat if one opportunity setisat leest as
desirable as a second then it should aso be the case that the first opportunity setisat least
as desrable asthe union of the two. Since, for the case of trangtive preferences for
freedom of choice, our nation of judtifiability coincides with thet of Arrow and
Madishevsky, our axiomatic characterization can throw some light on properties of
indirect utility functions

Inafind section of this paper we extend the problem that was origindly posed by Arrow
for trangtive preferences for freedom of choiceto the dass of dl ques trangtive
preferences for freedom of choice A binary rdaionisques trangtive if its asymmetric
part istrangtive; its symmetric part need not be trandtive. It turns out thet three
properties, namely Strict Concatenation, Strict Monotonicity and Week Expangon are
necessary for aques trangtive preference for freedom of choiceto bejudifiabdle. Strict
Concatendtion saysthat if there are four opportunity sets of which thefird is preferred to
the second and the third is preferred to the fourth, then the union of the first and third is
preferred to the union of the second and fourth. Strict Monotonicity saysthat if one
opportunity st is preferred to a second then if (8) athird set indludesthefirg thethird is
preferred to the second; (b) if the third set is contained in the second then the first set is
preferred to the third. Wesk Expanson saysthat if an dterndive (i.e. asngleton) isat
least as desirable as two opportunity sets considered separately, then it should be at leest
as desirable as the opportunity set formed by the union of the two. Wesk Expansion
gppearsto be areasonadle hypothesis. It implies aproperty caled Weak Condorcet
which saysthat in the event that a Sngleton subset of asetisa least as desrable asany
other Sngleton subset of the given s, then this Sngleton subset is a least as desirable as
the given set. Amongd the three axioms namdy Strict Concatenation , Strict
Monotonicity and Wesk Expangon except for the last one, the other two are extremely
mild. Wesk Expangon gppears to be a comparatively strong assumption and itisworth
invedtigating in future research, whether it is possble to replace it by awesker
assumption.

2 The Mod€

Let X be anon-empty finite st of dternatives containing a least two dements. Let [X]
be the st of dl non empty subsetsof X. Let D(X) = {(x,x)/XI X} and D([X]) =
{(AA)AT [X]}. D(X) is called the diagond of X and D([X]) is called the diagond of [X].
A binary rdaion Ron X issadto be:
(@) reflexive if DIX)1 R;
(b) complete, if givenxy T X, withx * y, ether (x,y)T Ror (yx) 1 R;
(¢) anabgtract gameif it is both reflexive and complete;
Givenabinary rdaionRon X, let P(R) ={(x,y) | R/ (yX) | R} denote the asymmetric
patof Randlet I(R) ={(xy) T R/ (yX) T R} denote the symmetric part of R.



A binary relation R on X issad to be acydic if given any positive integer nand dements
X(D),...x() in X : [(xOx({+D) I PR)" il {1,...,n1}] implies[ (x(N)x(1)) I P(R)].
A binary rdaion R on X issdid to betrangtiveif " xy,z1 X : [ (xy),(y,2)1 R] implies
(%21 R].

A binary rdation A on [X] issaidto be:

(d) reflexive if DX]) T A ; - B

(e) complete, if given AB 1 [X],withA * B, either (AB) I A or (BA) I A;

(f) apreference for freedom of choice (PFC) if it is both reflexive and complete;
Givenabinary rdation A on [X], lee P(A) ={(A,B)| A/(B,A) | A} denotethe
asymmetric part of A and let I(A) = {(A,B)I A / (B,A)T A} denote the symmetric part
of A.

A binary rdation A on [X] issaid to be acydic if given any postive integer n and
dementsA(2),... A in[X] : [(AQ)AG+D) T PAA) " iT {1,...,n1}] implies
[(AMAQ) | PA)]. ) B

A binary rdation A on[X] issadto betrangtiveif " AB,C1 [X] :[ (A,B),(B,C)l A]
impli&s[(A,C)[ Al. A

GivenaPFCA , we define the abdract gamereveded by A , to be the binary relaion
R(A) ={(xy)/ {x}{y)T A}. . . i
Givenanabdract gameRand A | [X], let G(AR) ={xI A/(xy) | R,whenevery | A}.
The following wel known result can be found in Kreps [1988]:

Proposition 1: Let R be an abdtract game. Then, G(A,R) L f whenever AT [X] if and
only if Risacydic.

Wesay that aPFC A isjudtifibleif there exists an abstract game R such that " A,B

T [X]:[(AB)T A]if and only if [ GIAEB,R)ICA 1f].

It isessy to seethat if a PFC isjudtifisble by R, then R = R(A). Hence we have the
following propostion :

Propostion 2: If aPFC A isjustifiable by an abstract game R, then R = R(A). Further,
in such astuation R(A ) isacydic.

Proof : Theacydidty of R(A) is required by Proposition 1 and the definition of
judtifiahility.

QED.

However, there are extremdy well behaved PFC' s which are not judtifiable.

A PFC A issaid to bemonotonicif " A,BI [X]:[B1 A]implies[ (A,B)T A].
Monatonicity is a very reasonable assumption to make on a PFC. It Imply saysthat a st
which contains another set should be at least as desirable asthe st it contains.

Proposition 3 Let X ={xy,z} withx 1 y ! z! x. ThenthereexissaPFC A, whichis
trandtive and monotonic, but not judtifiable.



Proof : Let A = D([X]) E {({x} {yD.(y} 42X} {2)} E{(AB)T [XIX[X] / #(A) >
#B)E {(AB)T [XIX[X]/#(A)=#(B) = -2}. Clearly, R(A)=DX)E
{(x,y),(y,z),(x,z)} It is easy to obsarvethat A isnot judtifisble: ({y,2} {x})l A,

dthough G(X, R(A))(;{yz} =f . However, A |sre‘le<|vesnoeD([X])I A, and
monotonicsinceB 1 1 A implies#A) >#(B)Wh|chleadsto (ABTA. LetA Bi
[X]X[X]withA 1 B. If A = X, then (A,B) 1 A. Hence suppose neither A nor B isequd to
X.If #(A) > #(B), then (A,B)T A Hence suppose, #{A) = #(B).If #A) =#B) =1 and
(AB)T A, then(BA)T A.If#A)=#B)=2then(A,B) T A.Thus, A iscomplete. Ina
smilar fashion it can be shown that A istrangtive,

QED.

The following proposition is essy to establish.
Propostion 4: Let A beaPFC. If A isjudifiable, then it satifiesMonotonicity.

A PFC A issad to be weskly justifisble if there exists an abstract game R such thet
"ABT[X]:[(AB)T A]if and only if [ thereexigisxi A sothat x T G({x} EB,R)].

It isessy to seethet if A isjustifidble then it isweekly jutifisble (: if GAEBR)CA L T,
thenwhenever x T G(AEB,R)CA, wehavex T G({x} EB,R). Further the following is
eadly veified :

Propostion 5: If aPFC A isweskly jutifisble by an abstract game R, then R = RA).
Further, in such asituation R(A) is acydlic.

However, the following isdso trues

Propostion 6: Let X ={x,y,zw} consg of four diginct dements. Then there exigsa
PFC A, which isweakly justifisble, but not justifisble.

Proof: Let R= D(X) E {(x,y), (.2),(zy).(zX),(W,x),(zW),(W,2),(w,y),(y W} .R is acydlic.
De‘lr‘eA(R)asfoIIows ABT [X]:[ (AB)T A(R)] if and only if [theree(lstsxl A 0
that x T G{xX} EB,R)].Clearly A (R) isaweskly jutifisble PFC. However, sncey T
G({y,zw},R), we have ({x,y} {zw}) 1 A, dthough G{x,y,zw} R C{xy} =f ,implies
that A isnot judifidble

QED.

The above proof indicates the following result whose proof isimmediate:

Proposition 7: Let R be an acyclic abdract game. Then,
(@ A={(AB)T [X]X[X]/ GIAEB,RICA*f} impliesthat A isjustifidbleby R;
(b) é ={(AB) T [X]x[X]/ thereexistsXI A suchthat x | G{x} EB,R)} impliesthat
A iswesly judifidble by R.



3 Judtifiability of Trangtive PFC’s

If A isatransitive PFC then wesk justifigbility impliesjustifiability asis easly verified.
Let A beatrangtive PFC and for anon empty subset A of [X], let P (AA) ={AT A/
"Bl A: (AB)T A}.

A PFC A issdid to satisfy Concordanceif " A,BI [X]:[(A,B)l A]implies[(A,AEB)I A].
A PFC A issdd to stisfy Strong Concordanceif " A,BI [X]:[(A,B)I A] implies
[(AAEB) 1(A)].

Propostion 8: (a) Strong Concordance implies Concordance; (b) Concordance plus
Monatonicity implies Strong Concordance; (C) There exigts atrangtive PFC which
satisfies Concordance but does not satisfy Strong Concordance. Hence it does not satisty
Monotonicity. Thus, it isnot judiifiable.

Proof: (a) and (b) areeasy. Hencelet usestablish (0). Let A =D(X)E

{ LyD.Ay{z2).(x3 {z})} E{(A.B) | [XIX[X]/#(A) <#B)}E {(AB)I [X]X[X]
[#(A)=#(B) =2}. Clearly, R(A) = D(X) E {(Xy),(y,2),(x,2)}. It iseasy to observe that
A isnot justifisble: {y} {x2})T A, dthough G(X,R(A))C{y} =f. However, A is
reflexivesnce D([X]) | A.LetAB [X]x[X]withA 1B.If B=X,then(AB) I A.
Hence suppose neither A nor B isequal to X. If #(A) < #(B), then (A,B) T A Hence
suppose, #A) = #B).If #A) =#B) =1 and (A, B)1 A, then BA)T A.If #A) =#B)
=2then(A,B) 1 A. Thus, A iscomplete. In asimilar fashion it can be shown thet A is
transitive. However, A isnot monotonic since{x} 11 {xy} but ({x,y} {x}1 A Neither
doesit satisfy Strong Monotonicity: ({x} {y}) T A, but (X} {xy }l P(A).

QED.

Proposition 9: Let A beatranstive PFC. Then A satisfies Concordanceif and only if
the fallowing condiionholds " nl A, and A(2),...,A(N)T [X], thereexitsi T {1,...,n}
such that (AQ)E{AG)j=L,....n)i A.

Proof : Let A sttisfy the condiition and let A,B T [X] with (A,B) T A.If (A ,AEB)T A,
then we are done. If not, then by the above condition, we have (B,AEB)I A.By
trangtivity,

(A AEB) A.ThusA saisfies Concordance.

Now suppose, A satisfies Concordance. Let A1 = {A())/j=1,...,n}. Without loss of
generdity suppose A(1)T P (A1 ,A). Thus, by Concordance (A(1), A(DEAG) T A " ji
{2,...n}. Let A, = {A(DEA()j=2....,n}. Without loss of generdity suppose A(DE A(2)
1 P(A2 A). Thus, by Concordance (A(DEA(2), ACDEAQEAG) T A " jT
{3.....n} By trangtivity of A, (A(1), A(DEAQREA()) 1 A "jl {3,...,n}. Supposetha
in this manner we have arrived a (A(1), A(DEAQ)E...EAGFDEAG)TA " j1
{i,...n}. Let Ai ={A(DEAQQE ...EA(FDEA() j=i,...,n} . Without loss of generdlity
suppose A(DEAQQE ...EAGFLDEA@) T P (A ,A).By Concordance, (A()EAQQE ...E
A(FDEA(), ADEAQRE..EAFDEANEAGNTA "1



{i +1,...,n} By trangtivity, of A we get (A(1), A()EAQE...EAGDEAGNEA())T A
"j1 {i+1,...,n}.Proceeding thuswe get, (A(1), A(DEAQE ... EA(N)I A. This proves
the proposition.

QED.

A dmilar result isavailable for trangtive PFC s in the case of Strong Concordance.

Proposition 10 : Let A beatrangtive PFC. Then A satisfies Strong Concordanceif and
only if thefdllowing condition halds " nl' A, and A(D),... A(N)T [X], thereexitsi
1 {1...n suchthat @) AGQ)T P ({ AQQ),....AM} A); (b) AGE{AG)[=L...n)J A.

Proof : Let A satisfy the condition and let A B T [X] with (A,B) T A.If (A, AEB)I I(A),
then we are done. If by the above condition, we have (B,A) T A and (B,AEB)I 1(A), then
wehave (AB) T I(A) and consequently (A, AEB) 1(A) by thetransitivity of A . Thus A
satisfies Strong Concordance.

Now suppose, A satisfies Strong Concordance. Let A; = {A(j)/j=1,...,n}. Without loss of
generdity suppose A(1) 1 P (A1 ,A). Thus, by Strong Concordance (A(1), A()EA())
TIA)"jT {2...n}. Let A2={A(DEA()/j=2....,n}. Without loss of generality suppose
ADEA@Q)T P (A, ,A). Thus, by Strong Concordance (A(D)EA(2), A(DEAREA())
T1IA)"j1 {3...,n} By trangtivity of A,

(A(D), AQEAQEA@)TIA)"jT {3,...,n}.Supposethat in this manner we have
arived a (A(1), AQEAQQE...EAG(-D) EAQ)TIA)Y"jT {i,...nt. Let A =
{A(l)EA(Z)E...‘EA(i-l)EA(j)/j=i,. ...} .Without loss of generdlity suppose o
AQEAQE...EA(LEAG) I P(Ai A).By Srong Concordance, (A(L)EA(QE...E
A(FDEA(), AD)EAQRE...EAFDEANEAGNT 1(A)"j1

{i +1,...,n} By transitivity, of A we get (A(1), A(Q)EAQE...EAG-1)EAGE AT
I(A)"j1 {i+1,...,n}.Proceeding thuswe get, (A(1), AQEAQE...EAMN)I I(A). This
proves the proposition.

QED.

Propostion 11: Let A beaPFC. If A isjustifiable, then it satisfies Concordance.
Proof : Let A,Bl [X] and suppose (A,B)i A. Sinceitisjustifisble, GIAEB,RA)) CA
1f . Hence, (A, AEB)T A.

QED.

Thefallowing is the main theorem of this paper:

Theorem 1: Let A beatranstive PFC. Then A isjustifisbleif and only if A satisfies
Concordance and Monatonicity.

Proof : Thet the justifiability of aPFC A implies Concordance and Monotonicity hes

been observed in Propositions 4 and 11. Hence let us assume thet A isatrangtive PFC
satisfying Monotonicity and Concordance.



SupposeA,B T [X] and (A,B) T A. Towards a contradiction suppose that G(AE B,R(A))
CA =f . SnceR(A) istrandtivewethus get thet f * G(AEB,R(A)) I B. Further the
trangtivity of R(A ) impliesthat G(A,R(A))* f.Letx T G(AEB,R(A)).Thus x 1 B. By
Monotonicity, (B,{x}) T A. By Concordance and Proposition 9, thereexistsy T A : ({y},
A)l A.Thisisbecause A = E{{Z}/z| A}.Thus (X)y) | PA(R(A)). Hence, {x} {y})

1 P(A).Thus by transitivity of A, (B,A)T P(A), contradicting (A,B) T A Thus,
G(AEB,R(A)) CA* f.

Now, supposethat A,B T [X] and G(AEB,R(A)) CA t f By completenessof A, (B,A)
1 A. By Concordance and Proposition 9, thereexists, y T B : ({y}, B) T A Thisis
becauseB =E{{z}/z| B}.Letx | G(AEB,R(A))CA. Thus, (A,{x})| A by
Monotonicity . Further, ({x} {y}) T A, since (x,y) T R(A). By transitivity of A, we get
(AB)T A. ThusA isjusifigble.

QE.D.

GivenaPFCA andsetsAB T [X], say that A is Reveded Weskly Superior (RWS) to B
if GAA, R(A)) I GAEB,R(A)).
Thus, A isRWSto B, if while choosng from the union of B to A, we are not lead to the

omission of dements aready chosen from A. We now sate a Lemma whose obvious
proof is being omitted.

Lemmal: LetA beatransitive PFC and let AB T [X]. Then A isRWSto B if and only
if GAEBR(A)) CA L f,

A PFC A issad to satisfy the Week Revedled Preference Property if " A,BI [X]:
(AB)i A if and only if A isSRWSto B.
Inview of Lemma 1, the following theorem stands established.

Theorem 2: Let A beatrangtive PFC. Then A isjudtifisbleif and only if A satisfies
Weak Reveded Preference Property.

4 Judtifiability of Quas Trangtive PFC'’s

A binary rdation R on X issaid to be qued transitiveif " xy,z1 X : [ (xy),(y.21 P(R)]
implies[(x,2)1 P(R)].

A binary rdation A on [X] issaid to be ques transtiveif " A,B,CT [X]:

[ (AB),(B,Ci P(A)]implies[(A,C)i P@A)].

It follows easily from the respective definitions thet if aPFC A isquad trangtivethen so
isR(A) i.e. the abstract game revedled by A . We are now interested in postulating
necessary and sufficient conditionsfor aquas trangtive PFC to bejudtifidble.

A PFC A issaid to satisfy Strict Concatenation if " A(1),A(2),B(1),BQ)T [X]:
[(A(),BO)) PA), fori =1,2] implies[(A(2) EA(2), B(1) EB(2) P(A)].



Proposition 12 : A PFC A satisfies Strict Concatenation if and only if the fallowing is
true fordlnT A and Ai),B(@) T [X] fori=1,...,n: [(AG)B@N PA),fori=1,...,n|
implies[(A(1) E...EA(n), BQ)E ... EB())I P(A)].

The obvious proof of the above proposition is being omitted.
Thefallowing proposition isworth recording.

Propostion 13 : Let A beajustifisdble PFC. Then A satisfies Strict Concatenation.

Proof : Let A beajustifiable PFC and let A(1),A(2),B(1),B(2)i [X] with

(A®),B)) PA), fori = 1,2]. Hence, for i = 1,2 we have G(A()EB(i),R(A ))CB()

=f . Thus whenever x T B(1) EB(2), thereexisisy T A(1) EA(QQE B(1) EB(2), such
that (yx) T P(R(A)).Thus, G(A()EA(QEB(1)EB(2),RA))C[B(LEB(2)]=f .Since A
isjudtifiable, it is dearly the case that [(A(1) EA(2), B(1) EB(2))I P(A)]. Thus, A
sdtisfies Strict Concatenation.

QED.

A PFC A issaid to satisfy Strict Monotoniaity if * A,B,C,DI [X]:[A] Bl CI Dand
(C,B) T P(A)] implies[ (CA)T P(A) and (D,B) T P(A)].

Proposition 14 : Let A beajustifiable and quad trandtive PFC. Then A stisfies Strict
Monotonicity.

Proof : Let A beajudtifiable PFC and let A,B,C,DI [X]with[A1 B1 CI D and(C,B)
T P(A)].Hence, G(BE CR(A))CB =f . Thus whenever x 1 B, thereexistsyl BEC, such
that (yx) T P(R(A)).SinceC1 D, whenever x 1 B, thereexistsy T BE D, such thét (y,x)
T P(R(A)).Hence, GBBED,R(A))CB =f .Thus, (D,B) 1T P(A).

Now, G(BEC,R(A))CB =f and R(A) isquad transitiveimplies that whenever x T B,
thereexissy T GBECR(A)) 1 C, suchthat (yx)T P(R(A)).SinceAl B, whenever x

T A, thereexigsy T C, suchthat (y,x) T P(R(A)). Hence, GGAEC,R(A))CA =f . Thus,
(CA)T PA).

QED.

Note: In the proof of the above theorem the ques transitivity of A was used only to
esteblish that part of Strict Monotoniciy which saysthat " A,B,Cl [X]:[AT Bl Cand
(C,B)T P(A)] implies[ (CA)T P(A)].It is not required to establish the part of Strict
Monoatonicity which saysthat" B,C,DI [X]:[B1 CI Dand(CB)1 P(A)] implies
[(D.B) T P(A)] Thislatter part holds for any PFC which isjusifigble B

A PFC A issad to satisfy Wesk Expangonif " A,BI [X] andx 1 X:[(x},A)l A ard
(x},B) A implies[({x} AEB)T A].

Proposition 15 : Let A be ajustifisble PFC. Then A stisfies Wesk Expandon.

Proof : Suppose A isjustifisbleABl [X]xT X and [({x},A)T A and ({x} B} A]. Since
A isjudtifisble, x T G(AE{x} ,R(A))CG(AE{x} R(A)).Thus " yl AEB: (xy)



i RA).Thus x T GAEBE{x} R(A)) . Thejusifiahility of A impliesthat ({x} AEB)
T A, thus proving the proposition.

QED.

A PFC A is sad to satisfy Week Condorcetif * AT [X]: [x T G(ARA))]

implies [({(x3,A) T A].

Proposition 16 : Let A be a PFC satisfying Wesk Expanson. Then A satisfies Wesk
Condorcet.

Proof: Let A be a PFC satisfying Wesk Expansion and suppose that for some Al [X] itis
thecasetha x T G(A,RA)).Hence, " yi A: (xy)T R(A).Hence, "yi A: ({x} {y}D1

A By Wesk Expangon, ({x} A)T A.

Q.ED.

We can now prove thefollowing:

Theorem 3: Let A beaquesi transitive PFC. Then A isjustifiebleif and only if
A satidfies Strict Concatenation, Strict Monotonicity and Weak Expansion.

Proof :Let A beaquas transtive PFC.Then, it follows from Propositions 13,14 and 15
that A satisfies Strict Concatenation, Strict Monoatonicity and Week Expansion. Hence
suppose that A satisfies Strict Concatenation, Strict Monotonicity and Week Expansion.
Let (A,B) T A and towards a contradiction supposethat G(AE B,R(A)) CA =f . Thus,
G(AEB,R(A))I B. Since, A and consequertly R(A) isquad transitive, " xI A, there
exigsy(x) I G(AEB,R(A)), suchthat (y(x),x) T P(A). SinceA satisfies Strict
Concatenation, Proposition 12 yields ({y(x)/{ A},A) T P(A).By Strict Monotonicity and
the fact that y(x) T G(AEB,R(A)) I Bwheneverx I A weget (B,A) 1 PA). This
contradicts, (A,B)T A. Hence GIAEB,R(A)) CA L f.

Now supposethat A,B T [X] and GIAEB,R(A)) CA * f .Towardsacontradiction
supposethat (A,B) I A By completenessof A, we have (B,A) T P(A). By Strict
Monoatonicity, (AEB,A) T P(A).Letx T G(AEB,R(A)) CA. By Strict Monotonicity and
(AEBA)T PA), weget (AEB{x}) T P(A). However by Week Expansion and
Proposition 16, ({x}, AEB) T A, contradicting (AEB,{x}) T P(A).Thus (AB) T A.
Thus, A isjustifigble.

QED.
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