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Abstract

In evolutionary game theory, “minigames” with reduced strategy sets are sometimes
analysed in lieu of more complex models with many strategies. Are these simplified
versions up to the task of explaining pertinent dynamic features of the larger models?
This paper looks at the ultimatum game, in which it is known that a noisy evolutionary
model leads to stable dynamic equilibriums that are far away from the game’s unique
subgame perfect solution. It is argued that a naive approach is unsatisfactory and
that the minigame analysis is more useful when related to the full game explicitly.
A constellation of embedded minigames is identified in the full game, one for each
imperfect equilibrium of the full game, with each playing out on its own conditional
frequency space. It is shown that the conditional frequency dynamics applicable
to these minigames have the same form as a full game’s dynamics with a reduced
strategy set. While the minigames thus identified are still not two-dimensional, it is
shown that two critical variables in each can be treated separately from the others,
and these indeed behave like the variables in a two-dimensional standalone minigame.
A graphical analysis based on selection-mutation equilibrium loci allows a clear
understanding of why stable imperfect equilibriums exist and which factors tend to
stabilize particular equilibriums. For example, lower-offer equilibriums are easier
to stabilize, because a) proposers have more to lose by deviating from them and b)
responder mutation aims at a higher target for the relevant conditional frequency.

1 Introduction
Evolutionary models of quite simple games can lead to surprisingly complicated dynamical
systems in cases where players have a large number of pure strategies available to them,
among other reasons because the dynamics of the frequency (or propensity) with which
each strategy is played must in general be tracked and can be affected by the frequency
with which every strategy in the game is played. Analytic results are sometimes obtained
from simplified versions of these games, so-called “minigames”, which feature only a
∗Department of Economics, Stellenbosch University. Comments can be sent to Melt van Schoor at
mpvs@sun.ac.za.

1



small number (typically two) of discrete strategies available to each player (e.g. Gale
et al., 1995; Huck and Oechssler, 1999; Napel, 2003). While these minigame analyses
are undeniably valuable, the extent to which they provide a thorough understanding of
the full dynamical systems they are based on is generally not explicitly addressed and
it is not always clear that important aspects of the larger systems are not obscured in
minigame analyses.

The ultimatum game (UG) represents a particularly interesting case. In the UG, there
are two players, the proposer and the responder. The proposer is asked to divide a
certain fixed amount of money between herself and the responder, and the responder
can then either accept or reject his offered share, after which the game ends and money
is paid out according to the proposal if accepted, but both players receiving nothing if
rejected. The responder has the ability to inflict some punishment on the proposer if he
so chooses, but at a cost to himself and with no monetary benefit since the punishment
cannot affect the proposer’s offer. If the players’ preferences are completely given by
the current game’s monetary payoffs, the only rational behaviour for the responder is to
accept all positive offers. The proposer, if she knows that the responder is rational, will
rationally propose the smallest positive amount possible, assured that it will be accepted.
This result represents the unique subgame perfect Nash equilibrium (SPNE).

In experimental settings, proposers typically offer between 30 and 40 per cent of the
money, with an equal split being particularly common, and responders often reject offers
that are low, especially offers lower than 20 per cent (Camerer and Thaler, 1995, p. 210).
Many experimentalists have suggested that the subjects are motivated by preferences for
the other’s wellbeing, altruism, with a concern for fairness or an aversion to inequality of
the payments – in general, other-regarding preferences (e.g. Charness and Rabin, 2002;
Fehr and Schmidt, 2006; Cox et al., 2007; Blanco et al., 2011). But some theorists1

have offered an alternative interpretation, arguing that people should not necessarily be
expected to play the strategies given by the subgame perfect equilibrium when there
are multiple Nash equilibriums, and instead their behaviour may be consistent with an
evolutionary process of learning or adaptation – which does not support the subgame
perfect equilibrium in this game. In a nutshell, the argument is that it is difficult to learn
the optimal behaviours in the UG because its structure does not offer a sufficient payoff
gradient to responders, so they adopt the strategy of rejecting low offers despite it being
irrational according to the subgame perfect equilibrium criterion; proposers then have
good reason to make higher offers.
A paper by Gale, Binmore, and Samuelson (1995) (henceforth GBS) shows that, in

a two-population evolutionary model of the UG based on the replicator dynamics, it is
possible for the system to remain in a state different to the subgame perfect equilibrium
indefinitely. Crucially, their model features noise, meaning that a small number of agents
will mutate to random strategies in a given time interval. Ordinarily, one would expect the
addition of such noise to flush out strategies that are not subgame perfect – if proposers
accidentally make low offers every now and then, responders, given enough time, should

1Gale et al. (1995), Mailath (1998). See also Ponti (2000) for an application of evolutionary analysis to
another game in which experimental data conflicts with a unique SPNE.
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stop rejecting such offers2 – so the GBS result is somewhat counterintuitive. As it turns
out, the added noise also has another, less obvious, effect, namely to counteract learning
by responders. In the dynamical system, this can stabilize some equilibriums associated
with Nash equilibriums of the UG that are not subgame-perfect (referred to as “imperfect
equilibriums” henceforth).
The GBS paper provides a valuable analysis of a simplified minigame version of the

game, in which each player has only two possible strategies. This leads to the finding that
the ratio of responder to proposer mutation rates is a crucial factor: a stable imperfect
equilibrium exists if and only if the ratio is above a particular threshold. GBS confirm,
using computer simulations, that the same ratio plays a critical role in the full game
with a reasonably large number of possible strategies for each of the two players: here,
different final rest points (including the SPNE) are reached depending on the ratio. The
present paper is an attempt to complement GBS and to arrive at a deeper understanding
of these results in the full game by relating the minigame analysis to the full game
explicitly. The main contribution is to show that the same forces producing a stable
imperfect equilibrium in the minigame do indeed apply to the full game, but not in
a straightforward way. The UG minigame analysis can be applied if the full game’s
dynamics is considered in “conditional form”, meaning dynamics of the frequency of
strategies conditional on the strategy being in a particular subset become the focus of
analysis. Then, by choosing different strategies and subsets, a “constellation” of embedded
minigames can be identified in the full game, one for each possible offer amount, and
each of these minigames plays out on its own conditional frequency space. If (and only
if) a particular embedded minigame contains a stable imperfect equilibrium, then the
relevant offer can be a stable outcome of the full game.
The ability to analyse equilibriums of the full game in terms of embedded minigames

is useful because the factors determining whether stable imperfect equilibriums exist can
be explained fairly simply for the minigames in terms of what I call selection-mutation
equilibrium loci. These are points on a minigame’s frequency space where the evolutionary
forces of selection and mutation are opposed and exactly balanced for one population
(proposers or responders) at a time, and they trace out curves that are smoothed versions
of the minigame’s best response curves, the smoothing being due to mutation. If these
loci cross each other three times instead of once, the minigame contains a stable imperfect
rest point. Since the shapes of these curves derive straightforwardly from the minigame’s
payoff functions and the evolutionary parameters (e.g. mutation rates), they provide a
clear understanding of the factors tending towards or against the existence of a stable
imperfect rest point.

2The idea of low-probability “mistakes” undoing some Nash equilibriums was also the original motivation
for Selten’s (1975) trembling hand perfect equilibrium: given that every choice in a game is made
with some positive probability if mistakes can occur, agents must choose rational behaviour also at
off-equilibrium decision nodes (Van Damme, 1991, pp. 10–11).
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2 The Gale, Binmore and Samuelson model
Following Gale et al. (1995), the UG is set up to allow the proposer a fixed number of
possible strategies, each corresponding to an amount to offer to the responder, while the
responders has the same number of strategies, each representing a minimum acceptable
offer (which I will call a “demand”).3 Let $ be the fixed total amount of money to be
divided and S be the set of possible offers, assumed to contain evenly spaced, strictly
positive elements. In the full GBS model, $ = 40 and S = {1, 2, ..., 40}, while in their
minigame, $ = 4 and S = {1, 2}. It can be pointed out immediately that there is a
pure strategy Nash equilibrium for every element inS, because if the proposer offers an
amount of i it is a best response to demand i, and if i is demanded, it is a best response to
offer i. Let the payoff functions for proposers and responders following strategy i, playing
against an opponent following strategy j be πP (i, j) = {$− i if i ≥ j, otherwise 0} and
πR(i, j) = {j if j ≥ i, otherwise 0} respectively. To conserve space, I will drop P and R
superscripts for statements that apply to both proposers and responders where possible,
for example π can refer to either πP or πR depending on context.
Assume there is one infinite population of proposers and one infinite population of

responders, and that each agent plays a fixed strategy at any moment in time. Let xP
i

be the fraction of proposers making offers of i and xR
i be the fraction of responders

demanding i at the current point in time. The evolutionary fitness, or expected payoff,
for each strategy at a point in time is its expected payoff if the game were played once
against a randomly drawn player of the opposite population, given the current frequency
distribution of the opposite population. We will also be interested in the expected payoff
to an agent playing i conditional on the randomly selected opponent following a strategy
in a particular subset A ⊆ S, written as π(i,A), and the average expected payoff to
players following strategies in A ⊆ S, written as π(A, •).4 The (unconditional) current
expected payoff to i is then π(i,S) and the population’s average expected payoff is
π(S,S).
Following GBS, evolutionary dynamics for each population is specified by a noisy

3This assumes that a responder who accepts a certain offer will also accept all higher offers and a
responder who rejects a certain offer will also reject all lower offers.

4Specifically,

π(i,A) =

∑
j∈A

x′jπ(i, j)∑
j∈A

x′j
, A ⊆ S and π(A, •) =

∑
i∈A

xiπ(i, •)∑
i∈A

xi
, A ⊆ S

where x′ refers to frequencies in the opposite population.
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version of the standard continuous-time replicator equation:5

dxi

dt
= ∆xi(π(i,S)− π(S,S)) + δ( 1

|S| − xi), (1)

where ∆ and δ are scaling parameters controlling the rates of the two parts, namely
selection and mutation. Selection embodies the core features of an evolutionary process
(see Friedman, 1998, p. 16): there is adaptation, so that the frequencies of strategies
whose payoff are currently higher (lower) than the population average increase (decrease),
but also inertia (represented by xi in the first term), so that, for example, a new strategy
with a higher payoff than existing strategies will only slowly break into and take over a
population. Essentially, it is this inertia, which classical game theory lacks, that allows
suboptimal strategies, such as responders rejecting positive offers, to persist for any
length of time (let alone indefinitely).
The second term represents noise, or mutation, in the learning process: at a low rate

δ, agents adopt random strategies selected from a uniform distribution over S, either
due to mistakes or experimentation.6 Given an infinite population, the population-level
effect of mutation is fully deterministic, tending to make the distribution more uniform
over time, a direct consequence of the assumption of a uniform distribution from which
mutating agents select their new strategy (appendix 2 considers non-uniform mutation).
Notice that the mutation part of the above equation tends to bring the frequency of each
strategy xi towards 1/|S|, (e.g. 1

40 if there are 40 possible strategies) which I will refer to
as its mutation target, and mutation’s effect is proportionally stronger the further xi is
from this target.

3 The minigame
In both the minigame and the full versions of the UG, a Nash equilibrium (NE) exists for
each possible offer, and we are interested in which of these correspond to asymptotically
stable dynamic equilibriums in the evolutionary model based on the game. Consider a
version of the minigame with $ = 4 and S = {1, 2}. The proposer can offer 1 (Low),
thus aiming to keep 3 for themselves, or offer 2 (High) for a proposed equal split. The
responder can likewise choose between two strategies, demand 2 (reject Low offers) and
demand 1 (always accept). This minigame has a subgame perfect Nash equilibrium
(SPNE) where the proposer offers Low and it is accepted, and also a continuous set of

5The replicator dynamics is based on biological models of differential reproduction rates (Taylor and
Jonker, 1978) and is not an explicit learning model, though there are close links with more explicit
learning models (e.g. Schlag, 1998). Gale et al. (1995, p. 83) argue that their results should be similar
in “virtually any system in which growth rates of strategy proportions are smooth, increasing functions
of expected payoff differences”. Indeed, the results of Roth and Erev (1995) using a reinforcement
learning model are broadly similar.

6GBS set ∆ = 1− δ for most of their simulations, suggesting an interpretation that, when learning, an
agent will make a mistake with probability δ instead of learning. There is no particular mathematical
significance, however, of ∆ + δ = 1, since the effects of selection and mutation onxi are independent
in this continuous-time specification. For a more general replicator-mutator equation explicitly linking
selection and mutation see Page and Nowak (2002, p. 94).
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mixed strategy NEs where the proposer offers High and the responder rejects Low offers
with a probability of 1

3 or more (figure 1a). The latter is not subgame perfect and would
not be robust if the responder were perfectly rational and (even slightly) uncertain about
what the proposer will do.

Trajectories of the noisy replicator dynamics (1), with δP = 0.01, δR = 0.1 and
∆ = 1− δ (following GBS), are illustrated in figure 1b. The dynamics clearly reflect the
incentive structure of the game: for proposers, when the rejection frequency is high, there
is a rapid move towards High offers, when rejection frequencies are low, there is conversely
a rapid move towards Low offers. For responders, there is strong pressure to accept Low
offers if the frequency of Low offers is substantial, but there is no selection pressure
either way when all offers are High. There are two asymptotically stable equilbriums, A,
corresponding to the SPNE, and B, the imperfect equilbrium.7
Mutation has the effect of pushing the system towards the centre of the graph, most

strongly when the current distribution is most unequal, i.e. at the edges. Thus, there is
always a small share of proposers making Low offers even when this is clearly suboptimal,
i.e. when more than 1

3 of responders reject Low offers. As long as the current frequency
of the responder strategy to reject Low is below the mutation target 1

|S| = 1
2 , mutation

will push it upwards. This explains the main GBS result, namely the existence of a stable
imperfect equilibrium (point B). The key to understanding why B is stable is to see that
mutation is relatively strong when selection is weak, which is the case for responders when
the frequency of High offers by proposers is close to one (because the expected payoffs
to the responder’s strategies are then almost equal), so that mutation can overcome
selection even though δR is low, and there is a net upwards movement in a critical region
just below B. We can also see why a higher mutation rate for responders and a lower
mutation rate for proposers would tend to produce a stable imperfect equilibrium more
easily. In the vicinity of B, responder mutation pushes upwards, away from A’s basin of
attraction, while proposer mutation pushes leftwards, towards A’s basin of attraction.
Gale et al. (1995, pp. 77–80) formally show that the asymptotic attractor B exists if
the ratio of responder and proposer mutation rates divided by the respective ratio of
selection rates, φ = (δR∆P )/(δP ∆R) exceeds a critical threshold, in this case 3 + 2

√
2.

This threshold derives from the structure and payoffs of the minigame in question and
can be regarded as a measure of how difficult it is to create a stable imperfect equilibrium
by adjusting selection and mutation rates. Unfortunately the GBS analysis provides little
intuition for why the threshold is at this particular level – a gap this paper seeks to fill
by identifying the factors affecting it.

4 Selection-mutation equilibrium loci
The stable imperfect equilibrium at B, if it exists, must satisfy the basic requirement
for all rest points of dynamic systems, namely that dxi/dt = 0 for all strategies for both
players. It is clear from (1) that this implies ∆xi(π(i,S)− π(S,S)) = −δ(1/|S| − xi), i.e.

7A and B do not correspond exactly to the underlying game’s NEs due to mutation, which always keeps
a small share of suboptimal strategies alive – see below.
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(c) Selection-mutation equilibrium
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Figure 1: The Ultimatum minigame. Notes: $ = 4 and S = {1, 2}. (a) indicates
multiple Nash Equilibriums, (b) indicates the noisy replicator dynamics (with
δP = 0.01, δR = 0.1), stable equilibria are at A and B (the latter is imperfect),
(c) shows Proposer Eq curve where dxP

i /dt = 0 ∀ i and Responder Eq where
dxR

i /dt = 0 ∀ i. (d) is the same except δP = 0.1, thus changing the Proposer
Eq curve and eliminating the rest point at B.
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that the forces of selection and mutation have opposite signs and equal magnitudes. It
is useful to consider this condition separately for proposers and responders, as is done
in figure 1c, which shows the loci where selection and mutation balance each other for
proposers and responders respectively, given the frequency distribution of the opposite
population. These selection-mutation equilibrium curves are useful because they link the
system’s dynamics (figure 1b) to the best-response analysis of the underlying UG. The
curves are essentially “smoothed out” versions of the best response curves (c.f. figure 1a),
the smoothing due to mutation, and can be interpreted similarly in that proposers will
adjust horizontally until they are on their curve and responders adjust vertically until
they are on theirs. For example, if the frequency of responders rejecting Low is currently
above the responder eq curve (but below 1

2), it means that downwards selection pressure
is stronger than the upwards mutation force, so the frequency will tend to decline. For
proposers and responders alike, where selection pressure is weaker due to a low payoff
gradient, mutation asserts itself more strongly so that the point where selection-mutation
equilibrium is reached is closer to the mutation target (i.e. the centre of the graph). For
proposers, this occurs when the frequency with which Low offers are rejected is closer to
1
3 and for responders when the frequency of High offers are closer to one.
Where the two curves intersect, dxP

i /dt = dxR
i /dt = 0 and the system as a whole is

at rest. In figure 1c, there are three such points, namely A, B and one more which is
an unstable saddle point. If we increase the proposer mutation rate (from 0.01 to 0.1)
while keeping the responder mutation rate the same (at 0.1), as in figure 1d, the proposer
curve is visibly more smoothed. The rest point B now disappears: in the vicinity of
the missing B, the increased proposer mutation rate implies that selection-mutation
equilibrium lies further to the left, but this region lies above the responder equilibrium
curve, so the system moves leftwards and downwards in the area between the two curves,
until it eventually reaches the low offer equilibrium. Another way to eliminate the rest
point B would be to decrease the responder mutation rate, which would have the effect of
pushing the reponder eq curve downwards while still anchored on the right-hand side at
1
2 , becoming relatively more “square” like the BR curve in figure 1a, so that the responder
eq curve passes to the right of the proposer eq curve near B in figure 1c without crossing
it. We can conclude that a stable imperfect equilibrium exists whenever the two curves
cross three times because the basic shapes are due to the game’s type.8
In addition to mutation rates, other factors that affect the shapes and positions of

these curves, and therefore also the existence of a stable imperfect equilibrium, can now
be identified. A critical role is played by two important thresholds for the frequency with
which Low offers are rejected. The first threshold is 1

2 , the mutation target for responders,
which (as previously discussed) derives from the assumption of uniform mutation and the
fact that there are two strategies available to responders in this minigame. If the mutation
target were lower, it would be more difficult to stabilize an imperfect equilibrium. As will
be explained later, this becomes important in the analysis of the full game’s embedded
minigames because then there are indeed more than two strategies. The second critical

8This gives a graphical and intuitive explanation for the GBS condition for φ mentioned in the previous
section.
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threshold is the frequency of rejections of Low offers that would make it worthwhile for
proposers to offer High, which is 1

3 in this game. This threshold could be made lower
by increasing the expected loss the proposer would suffer if her lower offer were rejected
relative to the gains she would obtain from a lower offer that is accepted. For example, if
$ were increased from 4 to 5, then the potential gain from offering 1 instead of 2 remains
the same, but the potential loss due to rejection would be 3 instead of 2 and therefore a
rational proposer would offer 1 instead of 2 only if the probability of rejection were 1

4
or lower (assuming an offer of 2 is always accepted). This threshold corresponds to the
height of the horizontal part of the proposer eq curve in figure 1c and it would clearly
make it easier to stabilize an imperfect equilibrium near B if this part of the curve were
lower.9

5 One minigame is not enough
Do the insights from the minigame analysis also apply to the full game, and is it possible
to explain the mechanisms that prevent the full game’s noisy evolutionary dynamical
system from reaching the SPNE without further analysis? A crude application of the
minigame to the full game might involve focusing on two offers of the full game at a
time, a high offer and a low offer, simply ignoring the interplay between these and all
other strategies. If we can show why the minigame’s evolutionary model has a stable
equilibrium where the high offer is made, surely the same reason must apply to the
full game, especially when simulation results confirm that the high offer is a stable
equilibrium?

Closer reflection must admit that it is not entirely obvious that a system with a simple
two-dimensional state space can account for a much more complicated system’s inner
workings. In the full game it is necessary to keep track of the frequency of every strategy
(minus one) for each population in the game, and one cannot simply ignore some variables
without justification since every variable affects every other variable: the dynamics of a
strategy’s frequency (equation 1) depends on its own expected payoff π(i,S) as well as
the population’s average payoff π(S,S). These in turn depend on the current frequencies
of all strategies in the opposite population as well as all own-population frequencies (as
these constitute the appropriate weights needed to calculate π(S,S)).

A naive approach also leads to difficulties reconciling a conceptual understanding of the
minigame with with some things that actually happen in the full game. Gale et al. (1995,
p. 63) report simulation results for their full model (with $ = 40 and S = {1, 2, ..., 40}).
From uniform starting frequencies, with δP = 0.01, δR = 0.1 and ∆ = 1− δ, the system

9If the second threshold is very low, and the responder to proposer mutation ratio is high enough, it is
possible that the responder eq curve lies above the proposer eq curve in the vicinity of A, so that
there is in fact no longer a stable equilibrium near the subgame perfect solution of the game. In this
case, the two curves would cross only once at B, which would then be a stable imperfect equilibrium.
Except for this case, the stable imperfect equilibrium would exist if and only if the curves crossed
each other exactly three times. (What if the curves crossed once near A but there were also a point of
tangency near B? The point of tangency would be immediately adjacent to a region that does not
converge to it and the point would therefore not be asymptotically stable.)
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eventually settles at a stable equilibrium where proposers offer 9 and responders play a
mix of strategies demanding 9 or less. There are also low frequencies of other strategies
due to mutation. For the situation to reflect a stable equilibrium it must be a best
response for proposers to offer 9 instead of a lower amount, say 8. This requires xR

9 ,
the frequency of responders that would reject an offer of 8 but accept 9, to be above a
certain threshold, which can be calculated10 as approximately 1

32 . Indeed, x
R
9 eventually

comes to rest at approximately 0.1047 (my own simulation of the same model), which
is comfortably above the required threshold. But now a puzzle arises: The minigame’s
analysis from the previous sections suggests that the role of selection is to pull the
frequency of the strategy that rejects low offers down (because it is suboptimal), while
mutation balances this by pushing upwards, keeping it high enough so that proposers are
not overly tempted to make low offers. Yet if 1

|S| = 1
40 and xR

9 ≈ 0.1047, the mutation
part of equation (1) will clearly tend to decrease, not increasexR

9 . What then keeps the
frequency of xR

9 from falling below 1
32?

11 I will return to this puzzle later, but for now I
hope it shows that even a good understanding of the dynamics of an isolated minigame
is not sufficient to understand the full game.

6 Embedded minigames
The approach that follows will be to analyse the full game (not a simplified version of it)
as a “constellation” of minigames playing out simultaneously. The technique exploits
particularities of the UG’s structure as well as a specific way of defining the minigames
so that there is almost no dependence between the different minigames and each can be
analysed much in the same way that the standalone minigame was analysed in previous
sections, using selection-mutation equilibrium loci.12

There are |S| − 1 embedded minigames, one for each possible offer in the full game
except for the lowest possible (i.e. SPNE) offer. In each minigame, the proposer has a
binary choice between that particular minigame’s characteristic offer e and some offer
lower than e (which we will not have to specify). Similarly, responders choose between
demanding e and some unspecified lower amount. One may imagine that we determine a
player’s choice of strategy in the full game by showing each player a series of numbers
in reverse order and asking her to say “yes, this one” or “no, lower” for each, stopping
on the first “yes”. Each minigame plays out on conditional frequency space, which is the
frequency with which the players choose e conditional on having chosen e or lower.

Do these binary choices by proposers and responders indeed constitute UG minigames?
In a strict sense, they are not even fully specified games, because their payoffs are
not specified for the strategy profile (“lower”, “lower”), but despite this ambiguity the
10Ignoring the very low frequency of mutant responders that would reject 9 for the moment (which do

not significantly affect the calculation), the payoff to a proposer offering 9 is 31, while the payoff to a
proposer offering 8 is (1− xR

9 )32. If 31 ≥ (1− xR
9 )32 then xR

9 ≥ 1
32 .11If this is not confusing enough, consider this hint: simulations show that raising the responder mutation

rate δR tends to increase the level at which xR
9 eventually settles.

12I am not aware of any existing work utilizing a similar approach. I touch on the potential wider
applicabiliy of the techique in the conclusion.
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minigames can be demonstrated to be UG minigames by the following argument. There
will clearly be a subgame imperfect Nash equilibrium in each of these games where the
proposer chooses e, because if responders demand e with a sufficient probability, it is
rational for proposers to offer e, and if proposers are offering e, then both the responder’s
possible choices, e and “lower” are best responses. We may suppose that when both
players choose “lower”, the result is determined by the outcome of the next minigame in
the constellation. Without specifying the exact payoffs, we may safely assume that it will
not be a disequilibrium outcome in which the offer is rejected. This implies, compared to
the (e, e) equilibrium in the present minigame, the proposer’s payoff will be better and
the responder’s payoff will be worse, but positive, which in turn implies that (“lower”,
“lower”) must be a subgame perfect NE of the minigame. The structure is clearly that of
an UG minigame.13

It is also clear that the Nash equilibriums of the minigames correspond to the Nash
equilibriums of the full game: If the full game is at an equilibrium where the proposer is
offering e, then the minigame with characteristic offer e must be at its subgame imperfect
Nash equilibrium and all minigames with characteristic offers higher than e must be
at their subgame perfect Nash equilibriums (“lower”, “lower”). If the correspondence
between the minigames and the full game extends to dynamic equilibriums, then the
minigames could be used to explain the full game.

7 Conditional frequency dynamics
The evolutionary forces operating in the embedded minigames are the same forces that
operate in the full game, so dynamics for the minigames will be derived from the dynamics
already specified for the full game by GBS. In what follows, I will assume that the game
has been normalized so that the set S consists of successive integers starting at 1. Let
E ≡ [1, e] be the subset of strategies in S smaller than or equal to e, let XE be the
combined frequency with which all strategies in E are played and let ξi be the frequency
of i being played conditional on a strategy in E being played (“conditional frequency” for
short):

XE ≡
∑
i∈E

xi and ξi ≡
xi

XE

13An anonymous referee suggests that the same procedure could work if we reversed the ordering of the
questions, so that we have e and higher as the binary choice in each minigame. Indeed, it can be
verified that this also leads to a reduced game that has the same structure as an UG minigame, this
time with (e,e) as the SPNE and (“higher”,“higher”) as the imperfect NE. Reflection suggests there
must be numerous ways to slice the larger game to arrive at UG minigames, and to a certain extent
their dynamics (discussed in the next section) should follow the UG minigame’s. However, as will
become clear subsequently, the particular structure I have chosen affords analytical convenience and
a large degree of independence between successive minigames, making a two-dimensional analysis
of dynamics feasible. In particular, all proposers offering {e or lower} get the same payoff against
responders demanding more than e, but the same cannot be said of proposers offering {e or higher}
when responders are demanding less than e.
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The dynamics of ξi can be derived from (1) by a simple application of the quotient rule:

dξi

dt
=
XE

dxi

dt
− xi

dXE
dt

X2
E

(2)

=
XE

[
∆xi(π(i,S)− π(S,S)) + δ

(
1
|S| − xi

)]
X2
E

−
xi

[
∆XE(π(E ,S)− π(S,S)) + δ

(
|E|
|S| −XE

)]
X2
E

= ∆ξi(π(i,S)− π(E ,S)) + δ
|E|
|S|

1
XE

( 1
|E|
− ξi

)
(3)

This shows that it is possible to consider the evolution of conditional frequencies within a
subset of strategies in isolation, with reference to the subset’s average payoff π(E ,S), but
not the population average payoff π(S,S). This is a general property of the replicator
dynamics, and is not dependent on the type of game nor the choice of subset E . However,
the above equation still references the payoffs to strategies in E against the entire set of
strategies in the opposite population π(•,S), so we cannot (yet) claim that the conditional
frequency dynamics for a particular e is independent of strategies outside E . But our
particular definition of E in combination with the ultimatum game’s payoff structure
allows further progress. We can write the payoff to a strategy as a weighted average of
payoffs against opposite population strategies respectively within and outside of E :

πP (i,S) = XR
E π

P (i, E) + (1−XR
E )πP (i,S \ E)

πR(i,S) = XP
E π

R(i, E) + (1−XP
E )πR(i,S \ E)

where \ is the set difference operator. The UG’s payoff functions assign πP (i,S \ E) = 0
and πR(i,S \ E) = πR(e,S \ E) for all i ∈ E , so (3) can be written as,

dξP
i

dt
= ∆PXR

E ξ
P
i

[
πP (i, E)− πP (E , E)

]
+ δP |E|

|S|
1
XP
E

( 1
|E|
− ξP

i

)
dξR

i

dt
= ∆RXP

E ξ
R
i

[
πR(i, E)− πR(E , E)

]
+ δR |E|

|S|
1
XR
E

( 1
|E|
− ξR

i

)
(4)

In fact, conditional strategy frequencies evolve in the same way that unconditional
frequencies would evolve (equation 1) in a game where E were the full set of strategies,
except for some factors that effectively scale the rates of selection (∆) and mutation (δ).
Selection is scaled by XR

E for proposers and by XP
E for responders: If the entire opposite

population followed strategies in E , then selection would be “full strength”, but otherwise
effective selection is proportionally weaker. This is a direct result of the fact that, for
both proposers and responders following strategies in E , there is no payoff discrimination
in the UG if the opposite side is following a strategy outside E . Mutation is scaled by
|E|
|S|

1
XE

. The second factor represents the inverse of the share of the current population
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following frequencies in E , so that mutation effectively becomes infinitely strong relative
to selection as XE → 0.14 The first factor shows that mutation will be effectively weaker
for minigames with lower characteristic offers e.
Can we then effectively ignore the evolution of frequencies of all strategies outside E?

The answer depends on the degree to which movements in XP
E and XR

E matter – they are
after all subject to evolution and do affect conditional frequency dynamics. I will offer
two arguments suggesting that they do not matter if our interest is chiefly to explain the
existence of stable imperfect equilibriums in the full game. Firstly, any asymptotically
stable equilibrium of the full game where proposers offer e with significant frequency will
be where XP

E ≈ 1 and XR
E ≈ 1 (see also Lemma 1 in Peters, 2000). This is because,

if e is offered with significant frequency, responders demanding more than e will get a
payoff of zero and selection (being much stronger than mutation) will rapidly drive such
strategies to near-extinction15, thus ensuring that XR

E ≈ 1. Consequently, proposer offers
would not need to be higher than e to be accepted with near certainty, so that, soon
enough, XP

E ≈ 1 as well. Secondly, once XP
E ≈ 1 and XR

E ≈ 1, any player using a strategy
outside E (proposers offering unnecessarily high amounts, or responders rejecting almost
all offers) will get a substantially lower expected payoff than the optimal strategy’s payoff,
so – if selection is strong relative to mutation – these conditions will be maintained
forever: an equilibrium can never unravel “upwards” to a higher-offer equilibrium. In
sum, strategies outside E have a negligible impact on conditional frequency dynamics
when the full game is near a stable imperfect equilibrium with proposers offeringe, and
we may henceforth assume XP

E ≈ 1 and XR
E ≈ 1, given our interest in whether a stable

imperfect equilibrium exists in the embedded minigame with characteristic offer e.
Let us now briefly return to the puzzle sketched in section 5, where it was pointed out

that mutation does not appear to play the expected role of keeping the unconditional
frequency xR

9 high in the GBS model, thus stabilizing the equilibrium in which 9 is
offered, because the direct effect of mutation is to pull xR

9 towards its mutation target 1
40 ,

which is lower than its rest value in the simulation. Now consider the effect of mutation
on the conditional frequency with which 9 is demanded: this variable comes to rest at
approximately 0.1057 in the simulation, but (4) reveals that the mutation target for ξR

9 is
1
9 when e = 9, which is higher than 0.1057, suggesting that mutation does tend to push
ξR

9 upwards. The explanation we had for the stability of the imperfect equilibrium in the
(standalone) minigame can therefore also apply to the full game, provided we express it

14To understand this, consider that when XE is very small, inflows to E will be predominantly due to
mutation from strategies outside E .

15Mutation prevents total extinction. In general, dynamic equilibriums in a noisy evolutionary system
will be near, but not exactly at, a Nash equilibrium of the underlying game if mutation rates are low.
Figure 1b illustrates this well for the minigame.
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in terms of conditional rather than unconditional frequency dynamics.16

8 But are they ultimatum minigames?
Despite the analytical simplification afforded by conditional frequency analysis, is still not
obvious that a two-dimensional minigame analysis can provide a reasonably comprehensive
account of the full game’s dynamics, since |E| 6= 2 in general. In fact, the selection part of
the replicator dynamics (4) evidently depends on payoffs of all strategies in E against all
strategies in E of the opposite population, and no obvious further analytical simplification
is available.17 It is therefore unlikely that a precise analytical solution exists for the full
game that relates the existence of a stable imperfect equilibrium to model parameters
game in the manner of Gale et al. (1995, pp. 77–80) for the minigame.
To make the case that the minigame can be used to understand the full game, I will

argue that, respectively for proposers and responders, out of all the strategies in E ,
only one, namely e itself, substantively matters for explaining the existence of a stable
imperfect equilibrium at e. The argument proceeds in three parts: Firstly, I will show
that for both proposers and responders, the only variable that determines whether e
is a best response is the conditional frequency with which e is played by the opposite
population. Secondly, I will argue that the dynamics for ξe is almost entirely determined
by the degree to which these best response conditions are satisfied; and thirdly, a monte
carlo sensitivity analysis will be used to confirm that other variables’ impact on the
existence of a stable imperfect equilibrium is not significant.
It is trivial that for responders, e is a best response only when ξP

e = 1. Appendix 1
contains a proof that e is a best response for proposers if and only if

ξR
e ≥ T (e) ≡ 1

$ + 1− e. (5)

As in the minigame analysis this reflects a weighing up of the risk and reward of offering
less than e when some responders might reject a lower offer. The condition follows
specifically from a comparison of π(e, E) against π(e − 1, E). This single comparison
16The unconditional dynamics can be disaggregated into two parts using (2),

dxi

dt
= XE

dξi

dt
+ ξi

dXE
dt

,

the first describing selection and mutation flows within the subset E , and the second describing
selection and mutation flows between E as a whole and the rest of S. If mutation’s effect on dxe/dt
is negative, but mutation’s effect on dξe/dt is positive, then that simply shows that mutation’s
effect on dXE/dt must be negative and comparatively large. This makes sense because XE ≈ 1 and
the mutation target for XE is |E|/|S|. Since strategies outside E are substantively suboptimal, this
mutational outflow from E creates a corresponding inflow due to selection, some of which accrues
to xe. One could therefore say that the mechanism that creates a stable imperfect equilibrium at e
is the same as in the minigame, but it is obscured by flows to and from the subset E that have no
counterpart in the minigame.

17Though proposers offering e get the same payoff against all opposite population strategies in E , this is
not true for responders and, even for proposers, selection still depends onπ(E , E), which depends on
all conditional frequencies in E for both populations.
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turns out to be sufficient for establishing whether e is a best response offer, because
the lower the offer, the higher the probability that it will be rejected, and the expected
loss of the offer being rejected grows faster than the gains as the offer is lowered. This
result depends on responder frequencies xR

i being nonincreasing in i, a condition that
the system has an inherent tendency to establish and maintain because the expected
payoff for responders is nonincreasing in i (see appendix 1 for details). The upshot is
that we only need to consider ξP

e and ξR
e to determine whether e is a best response for

responders and proposers respectively.
Notice that these best response conditions, both taken as equalities, are also indifference

conditions: if ξP
e = 1 then all responder strategies in E deliver the same payoff, and if

ξR
e = T (e), then π(e, E) = π(e − 1, E). As mentioned previously (section 4), and as is
evident from (3), when the payoff gradient within a group of strategies is low, selection
will be effectively weak and mutation will assert itself more strongly. In general, the
closer the indifference conditions are to being met, i.e. the closer ξP

e is to 1 for responders,
and the closer ξR

e to T (e) for proposers, the smaller the payoff gradient between e and
its best alternative in E ,18 which should be reflected in a dynamic equilibrium by a rest
value of ξe closer to its mutation target (i.e. a more uniform distribution).

It will again be useful to consider a partial dynamic equilibrium, where the rest
condition (dξi/dt = 0) only needs to be true for one of the populations at a time, while
the other is held fixed, resulting in selection-mutation equilibrium loci similar to those in
figures 1c and 1d. Irrespective of other details of the proposer distribution, if ξP

e = 0,
no responders in E would want to demand e, so ξR

e will rest at a very low level as only
mutation would keep it slightly away from zero. If ξP

e = 1, all responders in E get the
same payoff, so selection will have no effect and mutation will result in responders moving
to a uniform distribution. If ξR

e = 1, so that all responders in E demand e, we can expect
ξP

e to be at rest very close to one (mutation will keep it slightly away from one) and
if ξR

e = 0, then ξP
e will rest close to zero. A transition therefore has to take place at

some point as ξR
e moves from one to zero, and following earlier reasoning, this transition

should be at ξR
e = T (e). Close to this threshold, selection will be weak and mutation

should push proposers towards uniformity, inducing a “smooth” transition similar to the
minigame. These statements do not give precise values for the extremal rest points, and
we do not know the precise curvature of the loci between the extreme points, but we
already have sufficient information to deduce that the shapes of the selection-mutation
equilibrium loci for ξP and ξR must closely resemble those in the standalone minigame.
Variations in conditional frequencies of strategies in E other than e may affect the

shapes of the selection-mutation equilibrium loci, through their effects on π(E , E) and
π(e, E), especially when ξe’s are low, but it may be conjectured that these are second
order effects, not strong enough to affect the conclusion that the embedded minigames
behave like standalone UG minigames. To evaluate this claim, I conducted a monte carlo
exercise using simulations of the full model. The idea was to generate a large number

18Recall that π(i, E) is a linear combination of payoffs of i against strategies in E , the weights being the
latter’s frequencies, so the payoff difference between two strategies will vary linearly with opposite
population frequencies.
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of selection-mutation equilibrium points for one population at a time given random
distributions for the other population, thus tracing out “numerical” selection-mutation
loci.19 Apart from graphically illustrating how ξP

e determines the dynamics of ξR
e , and

vice versa, this exercise is an effective sensitivity analysis: if there were significant effects
of variations in the opposite population conditional frequencies other than ξe, it should
show up as noise in the results.
Figure 2 show the results for (a) 650 simulations for proposers, each time holding

the responder frequency distribution constant, and (b) 650 simulations for responders,
each time holding the proposer frequency distribution constant, with δP = δR = 0.1,
$ = 40 and e = 7. Both graphs show clear relationships, confirming that the main
factor determining the value at which a conditional frequency comes to rest is the
corresponding conditional frequency in the opposite population. There is very little
noise in (a), indicating that, given ξR

7 and the restriction of decreasing frequencies in
offers in E , the remaining details of the responder distribution hardly matters.20 The

19Here is a short description of the algorithm, starting with the construction of the proposers’ selection-
mutation equilibrium locus. Assume we know e. A random value is drawn from a uniform distribution
between 0 and 0.1, which will be the combined frequency of responder strategies outside E . The
frequencies for strategies outside E are assigned by drawing values from a Pareto distribution (with
characteristic parameter randomly selected from a uniform distribution between 0 and 10 for each
simulation), and scaling them so that their combined frequency matches the desired value. There is
no particular justification for this procedure other than that it often produces “extreme” distributions
highly skewed to one or a few of the strategies and also sometimes fairly uniform distributions, so that
the effects, if any, of variations in the distribution should become apparent. Now, another random
variable is drawn which will be the conditional frequency of e, or ξR

e . The latter is drawn from a
uniform distribution between zero and 1/e (for some simulations I also used a narrower distribution
designed to get more data points in regions of interest). The value cannot exceed 1/e since then
it would then be impossible to assign frequencies to demands lower than e without breaking the
requirement that lower demands must have equal or higher frequency than that of e (see Observation
1 in the Appendix). The frequencies of the remaining strategies, for demands lower than e, are then
determined in sequence. For e− 1, an allowable interval is determined, with the lower bound equal
to xR

e and the upper bound determined by the amount of unallocated frequency in the unit interval
(again keeping in mind the restriction that lower demands must have at least equal frequency). A
uniform random value is drawn from the allowable interval and assigned to xR

e−1, and the process is
repeated for lower demands until the entire distribution has been determined. Having determined the
responder distribution, it is held fixed while letting proposer frequencies evolve normally according to
the original full model specification (1). (This is easy to do in the full model by setting responder
selection and mutation rates to zero.) When proposer frequencies stop evolving (I deem this to have
occurred when the absolute difference in frequency from one round to the next for no frequency in
the model exceeds 1/108), we know that selection and mutation is balanced and we can calculate the
rest value of ξP

e . This procedure is repeated many times for different values of ξR
e , thus tracing out

the selection-mutation equilibrium locus for proposers.
The whole exercise is then repeated for responders, this time fixing ξP

e at various values and letting
only responder frequencies evolve. The only difference is that since there is no restriction on the
frequencies of proposer strategies below e, they are drawn from a Pareto distribution and scaled,
similar to how frequencies for strategies outside E are determined.

20There is in fact a small amount of noise that is visible when zooming in (not shown) – the relationship
is not perfectly monotonic. Recall that a small fraction of proposers will play each strategy due to
mutation, so the details of the responders’ relative distribution below 7 will slightly affect the average
payoff to proposers, even if not affecting πP (e, E). This affects the strength of selection and therefore
the rest value of ξP

7 , but the effect is small because the mutation rate is low.
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Figure 2: Selection-mutation equilibrium for conditional frequencies. Notes: Results from
monte carlo simulation exercise. (a) shows final rest values for ξP

7 given various
random strategy distributions for responders, (b) shows final rest values for
ξR

7 given various random strategy distributions for proposers. δP = δR = 0.1,
$ = 40 and e = 7.

relationship for responders in (b) is more noisy, indicating that the details of the proposers’
conditional distribution apart from 7 matters to a somewhat greater extent, but the rest
value for ξR

7 is nonetheless overwhelmingly driven by ξP
7 . Bear in mind that the noise

here is not generated by the model, which itself is not stochastic, but by the random
components of the opposite population I assumed for each simulation. At least from a
macro perspective, those details are clearly not important, and we can treat the evolution
of the two conditional frequencies in isolation.

We can also easily verify that the shapes of the curves in figure 2 are what we expected
from our analysis above, i.e. the locations of the extremal points and the transition at
T (7). The conditional frequencies behave as if they were in a standalone UG minigame,
and our insights from the minigame analysis may be applied to an equilibrium of the
full game. Mutation plays the expected role of moving the relative distributions towards
uniformity when selection is weak, thus smoothing the proposer’s locus close to ξR

7 = T (7)
and the responder’s locus close to ξP

7 = 1. However, compared to figure 1d, which has
the same mutation and selection parameter values as these simulations, mutation appears
much weaker. This is exactly what we would expect from (4) given the presence of the
factor |E|/|S|, which indicates that mutation in conditional frequencies is weaker than
in the full model. By reference to the GBS result that only the ratio of responder and
proposer mutation rates matter, the factor |E|/|S| should not affect the existence of an
asymptotic attractor in the equilibrium because it affects proposers and responders alike.
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9 How easily can an imperfect equilibrium be stabilized?
For the parameter values used in the exercise above, the full model has a stable imperfect
equilibrium where an offer of 7 is made by proposers, indicated on the graphs by the
midpoint of the circles labelled B. At this point, where both ξP

7 and ξR
7 are at rest,

the roles of selection and mutation to stabilize the equilibrium are the same as in the
standalone UG minigame: mutation pushes responders upwards and proposers leftwards,
while selection pushes in the opposite directions. Responder mutation must be strong
enough to keep proposers from being overly tempted to make lower offers, while proposer
mutation must be weak enough to not punish responders too harshly for high demands.
If, for example, the proposer mutation rate were increased, ξP

7 will be pushed down, which
is leftwards on the graph, which strengthens downwards responder selection, moving the
system to the SPNE’s basin of attraction (refer to figure 1b). We know from the minigame
analysis that if the stable imperfect equilibrium exists, there should be three rest points
in the space of the graphs, indicating that the “true” selection-mutation equilibrium
loci should cross three times.21 Why, given equal values for selection and mutation rate
parameters, or equal φ’s (see p. 6), is there a non-SPNE asymptotic attractor in the full
game in the P7 equilibrium, but not for the minigame illustrated in figure 1d?
Consider the two critical ξR

7 thresholds indicated on figure 2. The first, T (7) ≡
1/($ + 1− e) = 1

34 , is determined by the gains and losses to proposers of adjusting their
offer downwards, as explained previously. In the vicinity of T (e), proposer selection
becomes relaxed, and the rightwards force is reduced. Since this force is needed to
counteract leftwards mutation in order to maintain the equilibrium, it helps if this
threshold is low, so that effective selection is strong near the (potential) asymptotic
attractor. In general terms, it is easier to maintain an equilibrium in which proposers
have much to lose by lowering their offers. In the minigame, where $ = 4, and the high
offer is 2, the potential loss by offering lower is not so great as in the full game when the
offer is 7 (and $ = 40), which explains why in the minigame the high offer equilibrium is
not as easily stabilized as the equilibrium in the full game.

The second critical threshold is 1
7 , which is the mutation target for ξR

7 . It is determined
by the shape of the mutational noise (assumed uniform here) and by the number of
strategies in the subgroup E – the fewer there are, the higher this threshold will be,
since uniform mutation tends to push conditional frequencies towards equal shares. The
further ξR

7 is from this target, the stronger the effective upwards mutation force will be,
so to maintain an equilibrium, it helps if there are fewer strategies in E . Graphically,
the lower the T (7) horizontal “bar” and the more vertically stretched the responder
locus (by a high mutation target), the more likely it is that the two loci will cross three
times instead of once, and therefore a non-SPNE asymptotic attractor will exist. 22 For

21This is it not to suggest that the full game has only three rest points, since variation in dimensions not
shown in these graphs – specifically the relative distributions of frequencies below e – can lead to
multiple other rest points. The vicinity of the bottom-left rest point in this space can be thought of
as a “portal” leading to other dimensions containing their own rest points. The “multiple valleys”
metaphor of Binmore and Samuelson (1999) is also useful in this regard.

22In the minigame, the relevant mutation target is 1
2 , which is higher than in the full game’s equilibrium
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successively lower-offer equilibriums, the mutation target 1
e moves upwards, while the

T (e) threshold moves downwards, thus both effects conspire to make it easier for the
selection-mutation loci of the proposers and the responders to cross thrice and therefore
to stabilize a subgame imperfect equilibrium.

Selection and mutation rates are still relevant; for example it is possible to stabilize an
equilibrium with a modal offer of 9 by boosting the rate of mutation for responders or
reducing the rate of mutation for proposers sufficiently. However, this will not always be
possible: if the T (e) threshold were actually higher than the mutation target 1

e threshold,
no amount of responder mutation would make the loci cross three times, so an asymptotic
attractor can only exist if,

1
$ + 1− e <

1
e

e <
$ + 1

2 (6)

which, if $ = 40, means that the highest offer equilibrium that can be stabilized by
changing mutation and/or selection rates is 20 (which would require extremely noisy
responders relative to proposers).

10 Conclusion
Can a two-dimensional minigame analysis of the ultimatum game’s noisy evolutionary
dynamics account for crucial aspects of the full game with a large number of pure
strategies? A naive approach that simply ignores the fact that the full game has more
than two strategies provides a loose analogy at best. In particular, it is difficult to explain
why there are stable imperfect equilibriums in the full game, because in the minigame,
an essential part of the explanation is that mutation keeps responder rejection of low
offers at a high enough frequency for the equilibrium to be maintained, but in the full
game, the direct effect of mutation on a strategy that would reject a lower offer was
shown to lower its frequency. A more careful approach, taking explicit account of the
relationship between the two-dimensional minigame and the full game, however, gives
the more positive answer that the minigame does have much relevance for the full game,
though the relationship is not quite straightforward.
It was argued that there is not just one minigame to analyse, but a constellation of

embedded minigames, one for each possible offer (except the lowest possible offer). This
develops into a consideration of conditional frequency analysis, which is the frequency
with which an amount is selected (as offer or as demand) conditional on all higher
amounts not having been selected. The particular structure of the ultimatum game
causes dynamics in this conditional strategy space to be approximately independent of
higher amount strategy frequencies when the full system is near an associated equilibrium,
and the dynamics have the same shape as an ultimatum game with a reduced strategy set.
Finally, it is established that the dynamics of any particular conditional strategy is almost

at an offer of 7.

19



entirely determined by the conditional frequency of the corresponding strategy in the
opposite population, and thus that a two dimensional analysis based on the ultimatum
minigame is feasible and appropriate. The monte carlo sensitivity analysis in section 8
is particularly encouraging, strongly suggesting that the pair of conditional frequencies
behave the same as the variables in a standalone minigame.23

Conceiving of the ultimatum game as a constellation of minigames effectively allows
one to see the interplay of critical forces that lead to the stabilization of imperfect
equilibriums in the full game, despite the considerable complication of the full dynamic
model. A better understanding is also gained of the factors affecting the difficulty (i.e.
the minimum required ratio of responder to proposer mutation rates) of stabilizing any
particular imperfect equilibrium. For this, the graphical analysis based on selection-
mutation equilibrium loci proved useful. For example, lower-offer equilibriums are easier
to stabilize because this has the effects of pulling down T (e) and pushing up the mutation
target for responders, both of which will tend to make it easier for the two loci to cross
three times rather than only once.
The analysis was based specifically on the ultimatum game - would the techniques

developed in this paper, particularly the use of conditional frequency dynamics apply to
other games? It seems that the essential feature of the ultimatum game that made this
fruitful was that, for both players, a particular strategy i treats whole sets of opponent
strategies, e.g. offers below i for responders or demands above i for proposes, alike. Many
types of bargaining and other games with many strategies share such properties, so it
may be worth exploring the use of conditional frequency analysis more generally.24 It
would also be worthwhile to investigate whether this type of analysis could generalize to
evolutionary dynamics other than the replicator dynamics.

Appendix 1: Proposer’s best response
An important part of the justification for a two-dimensional analysis of the dynamics of
the full UG model relies on the fact that wheter a particular strategy is a best response
or not depends only on a single conditional strategy frequency in the opposite population,
i.e. ξP

e determines whether e is a best response for responders and ξR
e determines whether

e is a best response for proposers. This appendix sets out to prove the latter proposition
(i.e. for proposers).

The main theorem below therefore proves that e is a conditional best response (i.e.
best response within E) if ξR

e equals or exceeds a particular threshold T (e) ≡ 1/($+1−e),
23An importat caveat is that my interest was restricted to the question of the existence of stable imperfect

equilibriums, and this justified a number of assumptions along the way (e.g. that XP
E ≈ 1 and

XR
E ≈ 1; see also appendix 1), so I do not claim that all dynamic features of the full ultimatum game

is reflected in the minigame, and indeed there may be disequilibrium states where the conditional
frequencies in the full game does not behave like an ultimatum minigame. More generally, further
research on adjustment dynamics of the model, in terms of the embedded minigames, could yield
additional insights.

24It may also be a general feature of extensive form games where a multiplicity of strategies arise
combinatorially, but decisions on a particular branch does not discriminate between decisions made
on other branches.
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which means e is an overall best response for proposers if XR
E ≈ 1. But the theorem

depends on a a prerequisite condition regarding the distribution of responder frequencies,
namely that they are nonincreasing in the demanded amount; so before the main theorem
is presented, it is necessary to consider the reasonableness of the prerequisite condition,
which follows by means of a pair of lemmas. The prerequisite condition is specified as,

xR
i ≥ xR

j ∀ i < j (7)

Lemma 1. If condition (7) holds, it will be maintained forever by the full model’s
dynamics (1).

Proof. Given any two demands, the expected payoff to a responder making the higher
demand can be lower or equal, but never higher than the expected payoff to the lower
demand, because a higher demand could potentially lead to rejection and a payoff of
zero:

πR(i,S) ≥ πR(j,S) ∀ i < j (8)

From (1),

d(xi − xj)
dt

= ∆ [xi(π(i,S)− π(S,S))− xj(π(j,S)− π(S,S))] + δ(xj − xi). (9)

For any i < j, condition (7) requires that either xi = xj or xi > xj . In the case that
xi = xj , it can be verified that the first term (selection) of the above equation will be
nonnegative given (8), and the second term (mutation) will be zero, so d(xi − xj)/dt ≥ 0
and (7) will be maintained. In the case that xi > xj , it is possible that d(xi− xj)/dt < 0,
in which case dxj/dt will exceed dxi/dt. However, given continuous dynamics, this cannot
result in a state where xi < xj , because for this to occur, the system would have to pass
through a state where xi = xj , at which point we would again have d(xi−xj)/dt ≥ 0.

It is clear that Lemma 1 always applies when the starting distribution of responder
frequencies is uniform (xi = xj), so it is possible to justify condition (7) by assuming a
uniform starting distribution. However, this is perhaps unnecessarily restrictive, and the
condition may have relevance regardless of the starting distribution. Given our interest
in the existence of stable imperfect equilibriums of the model, I prefer an alternative
justification, expressed in the following lemma.

Lemma 2. Condition (7) holds at any rest point of the full model’s dynamics (1).

Proof. Assume condition (7) does not hold, so that there is some i, j in S such that i < j
and xR

i < xR
j . Using a similar procedure as was used to derive (3), we obtain,

d

[
xi

xi + xj

]
dt

= ∆ xi

xi + xj
(π(i,S)− π({i, j},S)) + δ

2
|S|

1
xi + xj

(
1
2 −

xi

xi + xj

)
, (10)

where π({i, j},S) is the weighted average payoff to i and j. The first term (selection)
will be nonnegative because (8) implies π(i,S) ≥ π({i, j},S), while the second term
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(mutation) will be strictly positive if xi < xj (assuming δ > 0). Therefore, if condition (7)
does not hold, xR

i ’s share of xR
i + xR

j will be strictly increasing over time, which implies
that the system cannot be at rest unless condition (7) is true.

This effectively shows that any deviations from condition (7) can only arise from
selecting a starting position in which it does not apply, and that such deviation will be
temporary.25 Nevertheless, such a temporary deviation could mean that the theorem
below is temporarily inapplicable, which could conceivably cause the system to skip out
of the general vicinity of some dynamic equilibrium towards another, or otherwise affect
the system’s trajectory, but it does not affect the existence of any dynamic equilibrium.

Theorem 1. Assume (7) is true. If and only if ξR
e ≥ T (e) ≡ 1/($ + 1 − e), then e is

a conditional best response for proposers within E, meaning there is no alternative in E
that would give proposers a higher expected payoff.

Proof. Let qi be the conditional frequency of responders (i.e. the proportion of responders
following strategies in E) that would reject an offer of i or smaller. In general, qi =
qi+1 + ξR

i+1, and in particular, qe−1 = ξR
e since qe = 0. For e to be a relative best response

for proposers, it is necessary for e to get the same or better payoff as any other strategy
in the subset E :

πP (e,S) ≥ πP (i,S)
XR
E [$− e] ≥ XR

E [(1− qi)($− i)]
e− i ≤ qi($− i) ∀ i < e (11)

where G(i) ≡ e− i can be interpreted as the gain in offering i rather than e if i is accepted
and L(i) ≡ qi($− i) is the expected loss due to rejection when i is offered. Notice that
XR
E cancels out, because responders that demand higher than e will reject any offer in E

and therefore reduce payoffs to all proposers playing strategies in E equiproportionally.
A necessary condition for (11) to be satisfied is that it be satisfied for i = e− 1, which
requires that

ξR
e ≥ T (e) (12)

However, (12) is also a sufficient condition for (11) to be satisfied for all i < e. To
show this, it will be sufficient to demonstrate that L(i) increases faster than G(i) as i is
decreased, so that (11) will continue to hold for all i < e− 1 if it holds for i = e− 1:

G(i− 1)−G(i) = 1
L(i− 1)− L(i) = qi−1($ + 1− i)− qi($− i)

= qi($ + 1− i) + ξR
i ($ + 1− i)− qi($− i)

= qi + ξR
i ($ + 1− i)

25The tendency to restore the condition is actually somewhat understated by these lemmas, since in
practice proposer mutation means the inequality in (8) will be strict, so that if the condition does
not hold, both selection and mutation’s effects in (10) will be strictly positive, and xR

i = xR
j =⇒

d(xR
i − xR

j )/dt > 0, suggesting that condition (7) applies not only “at” but also “near” rest points.
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From (12) we have ξR
e ($ + 1− e) ≥ 1, but since e > i and xR

i ≥ xR
e according to (7),

1 ≤ ξR
e ($ + 1− e) < ξR

i ($ + 1− i) < qi + ξR
i ($ + 1− i)

Therefore (12) implies L(i− 1)− L(i) > G(i− 1)−G(i) for all i < e and therefore (12)
implies (11) as well.26

Using the theorem, if ξR
e ≥ T (e) and it is also given that XR

E ≈ 1, then e must be an
overall best response for proposers.

Appendix 2: Directed Mutation
Throughout the paper, I have assumed that mutation was uniform in the sense that
an individual changing her strategy due to mutation, either due to “trying something
new” or “making a mistake”, selects her new strategy so that the probability that each
particular new strategy is chosen is independent of her old strategy and also independent
of the new strategy. Suppose, following Gale et al. (1995, p. 68), that the probability
of a particular new strategy j being chosen is ψj . They report the following simulation
results: a) putting relatively more weight on offers and responses near zero leads to
outcomes in which responders get less than 20% of the pie (i.e. less than for proportional
mutation), b) putting more weight on “somewhat higher” offers leads to outcomes in
which the responders get more than 20% of the pie; however, c) changing the values of
ψj for proposers and respondes that are attached to “relatively high offers has virtually
no effect on the outcome”, for example putting high weight on ψ20 with the remaining
values of ψj remaining equal to one another had “almost no impact” on the results. Their
explanation is that such high-amount strategies earn such a low payoff that insufficient
probability accumulates on such offers to affect the final results.
The conditional frequency model in this paper can help shed light on these results by

showing that it matters whether weight is shifted withinE or between E and the rest of
S. If we replace 1

|S| in (1) with ψi, then (3) becomes,

dξi

dt
= ∆ξi(π(i,S)− π(E ,S)) + δψE

1
XE

(
ψi

ψE
− ξi

)
(13)

where ψE =
∑

i∈E ψi. This shows that changing the share of total mutation going to
strategies in E will modify the effective rate of mutation on the conditional frequency,
which will tend to make the locus of selection-mutation equilibrium curve more smoothly.
But changing the relative share within E going to e will instead change the mutation
target, which will have the effect of vertically stretching the locus of selection-mutation
equilibrium in the case of responders (refer to figure 2).
Consider what would happen in the case of a “norm” strategy that would be picked

with a greater probability than others when an individual mutates. Say the norm is

26Condition (7) is not strictly necessary for this conclusion. The conclusion would still hold if ($ + 1−
i)/($ + 1− e) > ξR

e /ξ
R
i ∀ i < e, or even failing that, if qi is large enough.
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outside the current equilibrium, e.g. an offer of 20 when e < 10. Assign a value of
1
2 + 1

80 to ψ20 and 1
80 to all other ψj ’s. Compared to uniform mutation, this does not

change the mutation target ψe/ψE , but it does lower the effective rate of mutation. If this
norm (a) only applied to proposers, we would expect the equilibriums e < 10 to be more
easily stabilized, while if (b) the norm applied only to responders, we would expect these
equilibriums to be less easily stabilized, and if (c) the norm applied to both proposers
and responders, we would not expect any change as the effective ratio of proposer and
responder mutation rates would be unchanged. Simulations of the model with these
mutation probabilities implemented, with δP = δR = 0.1 and uniform starting frequencies
as before, come to a final rest at (a) an offer of 9, (b) an offer of 6 and (c) an offer of 7,
respectively, confirming the predictions (recall that the original model stabilizes at an
offer of 7 for these parameter values). To interpret these results, it is best to regard the
“norm” of 20 as no more than a distraction that makes the mutation that really matters,
i.e. of relative frequencies within E , effectively slower, but since relative mutation rates
matter, distracting one population more than the other can change the result.
Next, we can adjust ψi/ψE while leaving ψE unchanged. For e = 8, let ψ8 = 1

10 , let
ψi = 1

70 for i < 8 and let ψi = 1
40 for i > 8. When applied to either proposers or

responders, this stabilizes the equilibrium with modal offer of 8 (which is not stable with
uniform mutation) easily in a simulation. For responders, this vertically stretches the
selection-mutation equilibrium locus as explained previously. For proposers, raising the
mutation target will effectively weaken mutation, given that ξP

e ≈ 1 in an equilibrium
characterized by offers of e, so the target comes closer to the actual value.
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