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Abstract

This paper examines whether accounting for structural changes in the
conditional variance process, through the use of Markov-switching mod-
els, improves estimates and forecasts of stock return volatility over those
of the more conventional single-state (G)ARCH models, within and across
selected African markets for the period 2002-2012. In the univariate por-
tion of the paper, the performances of various Markov-switching models
are tested against a single-state benchmark model through the use of
in-sample goodness-of-fit and predictive ability measures. In the multi-
variate context, the single-state and Markov-switching models are com-
paratively assessed according to their usefulness in constructing optimal
stock portfolios. Accounting for structural breaks in the conditional vari-
ance process, conventional GARCH effects remain important in capturing
heteroscedasticity. However, those univariate models including a GARCH
term perform comparatively poorly when used for forecasting purposes. In
the multivariate study, the use of Markov-switching variance-covariance
estimates improves risk-adjusted portfolio returns relative to portfolios
constructed using the more conventional single-state models. While there
is evidence that some Markov-switching models can provide better fore-
casts and higher risk-adjusted returns than those models which include
GARCH effects, the inability of the simpler Markov-switching models to
fully capture heteroscedasticity in the data remains problematic.

Keywords: Stock returns, volatility, GARCH, Africa
JEL: C52, C58

1 Introduction

Regardless of the many likely causes of stock market volatility (Shiller, 1987;
Abel, 1988; Schwert, 1989; Olson, 1998; Aggarwal et al., 1999; Diebold and
Yilmaz, 2007; Adam et al., 2008), a reliable statistical model of stock return
volatility is important for the pricing of equity derivative securities and effective
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hedging of stock market risk (Hamilton and Susmel, 1994; Wang and Theobald,
2008). In addition, changes in the co-movement of stock returns across interna-
tional markets during high- and low-volatility periods have major implications
for diversification strategies (Ramchand and Susmel, 1998; Li, 2009).

A common feature of Generalised Autoregressive Conditional Heteroscedas-
ticity (GARCH)-type models using daily financial data is the high level of persis-
tence attributed to shocks. Many GARCH studies involving financial series have
found that an approximate unit root process generates the estimated variance
(Engle and Bollerslev, 1986; Susmel, 1999). However, it has been shown that in
the presence of structural breaks, GARCH-type models can impose a spuriously
high level of persistence of shocks on volatility forecasts (Diebold, 1986; Lam-
oureux and Lastrapes, 1990; Timmerman, 2000). This finding has led to the
parallel development of the Markov-switching ARCH (SWARCH) model, which
allows for endogenously identified structural shifts in the volatility generating
process (Hamilton and Susmel, 1994; Cai, 1994).

Having controlled for regime shifts, the persistence of shocks on volatility
forecasts is generally reduced in a statistically significant way (Hamilton and
Susmel, 1994; Cai, 1994; Ramchand and Susmel, 1998; Edwards and Susmel,
2003; Marcucci, 2005). Thus, while volatility clustering is still captured, the
regime-switching models allow this clustering to be generated by regime changes
in addition to within-regime persistence of shocks. That is, where single-regime
GARCH models imply a purely time-varying variance, regime-switching models
allow for volatility that is both time-varying and state-varying (Ramchand and
Susmel, 1998). This specification can thus offer a more intuitively appealing
interpretation of the volatility-clustering phenomenon than the single-regime
GARCH models, as well as improve forecasts due to a higher likelihood of sta-
tionarity.

It was initially believed that the regime-switching models would in prac-
tice have to be restricted to low order SWARCH due to the recursive nature
of GARCH models and the resulting intractability of maximum likelihood esti-
mation for studies with large samples (Hamilton and Susmel, 1994; Cai, 1994).
However, this estimation problem has been largely addressed by Gray (1996).
The use of Gray’s (1996) Markov-switching GARCH (MS-GARCH) procedure
or it’s extensions (Dueker, 1997; Klaassen, 2002; Haas et al., 2004) has allowed
richer comparison of parameter estimates across models, as it nests the popular
GARCH(1,1) as a special case (Gray, 1996).

Markov-switching models often provide a better in-sample fit of the data or
more accurate forecasts than the conventional single-state GARCH extensions
(Hamilton and Susmel, 1994; Cai, 1994; Gray, 1996; Bollen et al., 2000; Ed-
wards and Susmel, 2001; Klaassen, 2004; Canarella and Pollard, 2007; Wang
and Theobald, 2008; Chen 2009; Henry, 2009). However, these results are on oc-
casion statistically insignificant or inconclusive (Dueker, 1997), and are less clear
when assessed through some purely economic loss functions (Marcucci, 2005).
Multivariate models of the conditional variance-covariance of returns, such as
multivariate SWARCH (MV-SWARCH) and Markov switching BEK-GARCH,
have also been used in order to compute time-varying optimal portfolio weights
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(Li, 2009) and hedge ratios (Lee and Yoder, 2007) or to assess contagion effects
(Ramchand and Susmel, 1998; Edwards and Susmel, 2001).

Given the evidence of occasional discrete shifts in the conditional variance
process, it is essential to test for the presence of multiple regimes in the con-
ditional variance when a reasonable suspicion exists for structural change. In
light of the calm and turbulence of the global and African stock markets during
the 2002-2012 period, Markov-switching models may prove to be a more appro-
priate characterisation of stock return volatility than the popular single-regime
GARCH. In contrast to the growing body of international literature, few stud-
ies of African financial market volatility incorporate regime-switching effects.
Knedlik and Scheufele (2008) and Duncan and Liu (2009) both address the is-
sue of forecasting South African currency crises within a SWARCH framework.
Babikir et al. (2010) test the forecasting performance of an MS-GARCH model
against a GJR-GARCH, using South African stock market data.

As far as could be determined, however, stock market volatility dynamics
within and across multiple African markets have not been considered under a
regime-switching framework in the literature. Given the importance of account-
ing for structural shifts in any time series analysis, it is important to contribute
to this gap in the current body of knowledge. The current and future de-
velopment of derivatives markets in the more financially sophisticated African
markets (African Development Bank, 2010) will further increase the potential
impact of such a study, as accurate stock return volatility estimates are required
for the effective implementation of risk management strategies. The estimated
volatility dynamics within and across African markets will also provide an in-
dication of the nature and extent of contagion effects on the continent, with
important implications for portfolio managers and policy makers alike.

The principal aim of this paper is to establish whether accounting for struc-
tural changes through the use of Markov-switching models improves estimates
and forecasts of stock return volatility within and across selected African coun-
tries, namely South Africa, Kenya, Mauritius, Morocco and Nigeria. As such,
the paper aims to address the following questions: (1) Do the univariate Markov-
switching models of conditional variance provide a superior in-sample fit to the
conventional single-state models? (2) Do Markov-switching models produce
superior forecasts of the conditional variance to the conventional single-state
models? (3) Do multivariate Markov-switching models of conditional covari-
ance provide a more appropriate and accurate characterisation of stock return
volatility and interdependence than the conventional single-state models? In
addition to these goals, and as a by-product of the Markov-switching multivari-
ate estimation, the paper aims to establish whether the correlation of returns
between African markets changes across volatility states and the extent to which
country-specific volatility states are dependent on one another.

The remainder of the paper is structured as follows: Section 2 provides
an overview of the data and methods employed in this paper, including the
relevant models and performance tests used. Section 3 presents the empirical
results, while Section 4 concludes.
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2 Data and econometric methods

2.1 Data

To accurately compare the properties of each market, it is appropriate to en-
sure that the return series are compiled according to a standardised method.
For this reason, the data used are daily returns on the Morgan Stanley Capital
International (MSCI) standard country indices for South Africa, Kenya, Nige-
ria, Mauritius and Morocco. All the series are obtained from Thomson Reuters

Datastream. Although available, Egypt was excluded from the analysis in order
to avoid the problem of missing data associated with the closing of the Egyptian
stock market during the Arab Spring. Tunisia was also excluded despite avail-
ability, as observations for this market only begin in 2004. The series were
selected so as to balance the need for adequate cross-continental representation
with the need to analyse the longest possible history of returns. Despite the
exclusion of Egypt and Tunisia, the series include a sufficiently diverse set of
markets (both in terms of geographical dispersion and GDP growth) for the
purposes of this paper.

Since the daily return observations for Kenya, Nigeria and Mauritius are
available from 3 June 2002, the South African and Moroccan series are also
taken from this date. This is primarily because it is mathematically necessary
to employ a uniform sample size when conducting the multivariate analysis.
Also, a consistent sample size makes parameter estimates comparable across
markets when conducting the univariate analysis. Thus, the sample for each
series spans 3 June 2002 to 1 June 2012, encompassing 2610 daily observations.
Daily returns (r) are calculated as:

rt = 100× [ln(Pt)− ln(Pt−1)] (1)

which expresses daily returns in continuously compounded percentage terms.
A graphical plot and the summary statistics of each series are presented in Figure
1 and Table 1, respectively.

A few noteworthy patterns emerge from Table 1. The mean daily return
figures range between the statistically insignificant 0.03% for Nigeria and 0.07%
for Mauritius (corresponding to annual returns of roughly 7.15% and 17.6%,
respectively). The markets with third lowest and lowest mean returns, South
Africa and Nigeria, also exhibit the largest ex post variance of returns. South
Africa, Mauritius and Morocco show significant degrees of skewness, whereas
Kenya and Nigeria do not. Furthermore, all of the series exhibit statistically
significant excess kurtosis, explaining the rejection of the null hypothesis of nor-
mally distributed returns in each case (as shown by the Jarque-Bera statistic).
This is unsurprising, as the rejection of normally distributed returns is in line
with much of the empirical literature using high frequency financial data (cf.
Dueker, 1997; Canarella and Pollard, 2007).

Considering extreme values, the global financial crisis had a clear impact on
all of the markets studied. Excluding Nigeria, every series experiences either
a maximum or minimum (or both) observation during the month of October

4



2008. Another common high-volatility period seems to be in 2003, in which
both Kenya and Nigeria exhibit extreme values. According to the Ljung-Box
Q-statistics, all of the returns series exhibit positive autocorrelation, which is
a common finding within studies of emerging and frontier markets (Canarella
and Pollard, 2007). Since the focus of this study is explicitly on the condi-
tional variance and covariance of returns, consistent with existing work (Lo and
MacKinlay, 1990; Hamilton and Susmel, 1994; Ramchand and Susmel, 1998;
Canarella and Pollard, 2007) an AR(1) model is used to capture mean returns
for all the countries considered. In addition to the autocorrelation found in
the returns, each market exhibits positive autocorrelation in the squared re-
turns, suggesting the presence of ARCH effects in the data. Interestingly, the
South African market seems to be associated with the weakest autocorrelation
in returns but the strongest autocorrelation in squared returns.

From Figure 1, it appears that besides the occasional idiosyncratic shock,
most series display a prolonged period of low volatility from 2004 to 2007. Fol-
lowing the collapse of Lehman Brothers in 2008, each series exhibits a rapid
movement to a high volatility state. Despite the extent of this increase in
volatility, many of the markets studied experienced a decline in volatility to
pre-crisis levels by 2010. An exception to this decline is South Africa, which
shows a more prolonged period in the high volatility state, perhaps due to its
relatively extensive trade linkages with the European Union (Edwards et al.,
2009).

2.2 Univariate models of conditional variance

2.2.1 Single-regime models

Bollerslev’s (1986) well-known GARCH (p,q) models the current conditional
variance as a function of q past innovations and p lagged conditional variance
terms, such that:

ht = ω +
∑q
i=1 αiε

2
t−i +

∑p
j=1 βjht−j (2)

Intuitively, the GARCH(1,1) forecast of conditional variance at time t is
a weighted average of three components: a constant term through which the
unconditional variance is determined, the previous period’s estimate of the con-
ditional variance, and the new information obtained during the period t-1. The
GARCH(1,1) is often an adequate representation of the conditional variance
process, and is a common starting point in empirical studies (Hansen and Lunde,
2001; Engle, 2004). As such, this paper employs the GARCH(1,1) model as a
suitable single-state benchmark against which the Markov-switching models are
tested.

2.2.2 Markov-switching models

Since single-regime GARCHmodels, with their commonly high degree of autore-
gressive persistence, are unable to adequately capture the effects of such financial
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crises on the conditional variance (Schwert, 1990; Nelson, 1991; Marcucci, 2005),
structural breaks should be accounted for when using sample periods covering
financial crises or sharp changes in volatility (Perron, 1989; Lamoureux and
Lastrapes, 1990; Ang and Timmerman, 2011).

Markov-switching models, on the other hand, provide both endogenous iden-
tification of structural breaks as well as an established forecasting method based
on a latent first-order Markov chain (Hamilton, 1989).1 Hamilton (1989, 1990)
developed a constant within-regime mean and variance Markov-switching model
(hereafter referred to as the simple MS model), which has been subsequently
used in one form or another within many empirical studies of financial time
series (Garcia and Perron, 1996; Dahlquist and Gray, 2000; Bollen et al., 2000;
Wang and Theobald, 2008; Chen, 2009). The most general version of the simple
MS model is:

yt = µst + εt (3)

εt ∼ D(0, hst) (4)

so that yt ∼ D(µst , hst), where µst is the state-dependent mean of yt, and
D represents the conditional distribution of yt. The mean equation can be
augmented to accommodate autoregressive terms, and the innovations εt can
be drawn from the normal, Student’s t, or G.E.D. distributions, for example.
Since the focus of this paper is on switching conditional variances, the simple
MS model used entails an AR(1) mean (with no switching) and a switching
conditional variance. In this way the working conditional variance is a weighted
average of the state-specific conditional variances, where the weights are given
by the filter probabilities of each state (Hamilton, 1994). Although the simple
MS model is comparatively straightforward, it is sometimes able to capture
important features of financial time series data, such as heteroscedastic errors
(cf. Cai, 1994).

For instances in which heteroscedastic errors are not fully captured by the
simple MS model, uniquely specified SWARCH models are developed in which
a standardised ARCH process is scaled according to the current state, st(Cai,
1994; Hamilton and Susmel, 1994). This allows for discrete jumps in volatility,
consistent with many empirical observations of financial time series (Hamilton
and Susmel, 1994). A simple version of this SWARCH(K,q) model for the
conditional variance of residuals is:

yt = a0st +
∑k
i=1 aiyt−i + εt (5)

εt =
√
γst × ut (6)

ut =
√
ht × υt (7)

1An alternative way of accounting for structural changes is to exogenously assign appro-
priate dummy variables to the data, so that crisis periods may be effectively governed by
different ARCH or GARCH processes. However, this simple method may suffer from biases
associated with ad hoc selection of crisis periods. Another method is to let the data speak
for itself, by endogenously identifying the structural breaks using Inclan and Tiao’s (1994)
ICSS algorithm (cf. Duncan and Liu, 2009). Although this is an improvement on the ad hoc
specification, it is not clear how this method may be used for forecasting.
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ht = ω + α1u
2
t−2 + α2u

2
t−2 + ...+ αqu

2
t−q (8)

where yt represents stock returns at time t, εt is the observed residual, γst is
the scaling parameter associated with state st (st = 1,. . . ,K ), ut is the de-scaled
error term, and υt follows a white noise process with unit variance. In maximi-
sation of the log-likelihood function, the scaling parameter γ1t is unidentified
and hence set equal to 1. This allows γst, for st �=1, to be interpreted as the
ratio of state st variance to state 1 variance (Hamilton and Susmel, 1994).2

The model, as specified in equations (5) to (8), has the restriction that the
density of yt can only depend on a finite number of ARCH terms, and hence
st(Hamilton and Susmel, 1994). This is essentially due to the recursive nature
and hence path dependence of a GARCH term: htdepends directly on ht−1,
which in turn depends directly on ht−2, and so on. In this way the conditional
variance at time t depends on the entire sequence of states s0,. . . . . . . . . .,st.
Maximum likelihood estimation requires that all possible state paths be inte-
grated out, so that at the t−th step there are Kt components of the likelihood
function, thereby becoming an extremely large number for most conventionally
sized samples (Gray, 1996). As such, Hamilton and Susmel (1994) restrict their
analysis to low order ARCH processes within each regime. Although this may
seem overly restrictive (the volatility persistence conventionally associated with
the GARCH term is lost), it is not clear a priori that this will diminish the
performance of the model. In particular, the volatility persistence normally as-
sociated with the GARCH term may be better captured through the persistence
of regimes (Hamilton and Susmel, 1994).

Despite the apparent estimation difficulties noted above, Gray (1996) devel-
oped a widely used technique to avoid the problem of path dependence. Using
the fact that, in Gray’s (1996) study, the conditional density of changes in in-
terest rates is a mixture of distributions with time-varying mixing parameters
(given by the probability of each state occurring at time t) the working condi-
tional variance can be estimated as:

ht = E[∆r2t |lt−1]−E[∆rt|lt−1]2 (9)

= p1,t(µ
2
1,t + h1,t) + (1 + p1,t)(µ

2
2,t + h2,t)− [p1,tµ1,t + (1− p1,t)µ2,t]

2 (10)

and the error term by:

εt = ∆rt −E[∆rt|lt−1] (11)

= ∆rt − [p1,tµ1,t + (1− p1,t)µ2,t (12)

where µs,t is the mean for regime s at t and ps,t is the filter probability
that the series is in regimes at t. The new conditional variance term ht is no

2A similar model to Hamilton and Susmel’s (1994) SWARCH is presented in Cai (1994).
In Cai’s (1994) specification, discrete jumps in the conditional variance are realised through
differences in the intercept term. This is in contrast to Hamilton and Susmel (1994) who
model the discrete jumps in stock returns as changes in the scale of the entire ARCH process.
Due to the essential similarity between these models, this paper only estimates Hamilton and
Susmel’s (1994) specification.
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longer path dependent, as it is calculated through aggregating the conditional
variances from each regime at each step (Gray, 1996). The working conditional
variance can then be used in constructing both h1,t+1 and h2,t+1:

hst+1 = ωst+1 + αst+1ε
2
t + βst+1ht (13)

which can be used as inputs in maximising the log-likelihood function.
Although originally applied to interest rates, Gray’s (1996) MS-GARCH

has been used in analyses of stock returns (cf. Dueker, 1997; Marcucci, 2005;
Babikir et al., 2010). However, when applied to the African stock market data
used in this paper, the maximum likelihood parameter estimates associated with
Gray’s (1996) MS-GARCH are extremely sensitive to initial guess values, and
the maximum likelihood procedure, more often than not, fails to converge. In
light of the instability of parameter estimates associated with Gray’s (1996)
model, Dueker’s (1997) extension of Hamilton and Susmel’s (1994) SWARCH
(which makes extensive use of the above convergence procedure) is preferred in
order to capture both regime-persistence and autoregressive persistence in the
conditional variance process.

In a study of stock market volatility, Dueker (1997) develops four MS-
GARCH models.3 For each MS-GARCH specification, Dueker (1997) assumes
a Student’s t error distribution. One of the specifications developed simply in-
cludes a GARCH term in Hamilton and Susmel’s (1994) SWARCH framework
(see equations (5)-(8)). The GARCH term is incorporated through the use of
the integration technique of Gray (1996), but with more efficient use of available
information, as in Klaassen (2002). Effectively, Dueker (1997) modifies equation
(8) to include a GARCH term, such that:

yt = a0st +
∑k
i=1 aiyt−i + εt (14)

εt =
√
γst × ut (15)

ut =
√
ht × υt (16)

ht = ω +
∑q
i=1 αiu

2
t−i +

∑p
j=1 βjht−j (17)

Building on the SWARCH model of Hamilton and Susmel (1994) and pro-
ducing more robust and stable parameter estimates than Gray’s (1996) MS-
GARCH, Dueker’s (1997) MS-GARCH (hereafter simply referred to as the MS-
GARCH(K, p, q) model) is therefore used in this paper.

Due to the high frequency of the data used in this paper, each of the mod-
els selected are restricted to incorporate constant, as opposed to time-varying,
transition probabilities. Given that much of the fundamental economic data
typically used to express time-varying transition probabilities are available at
monthly or higher frequencies, this restriction is considered necessary. In addi-
tion, the restriction is helpful in maintaining tractability and hence convergence
of the maximum likelihood procedure.

3These include GARCH extensions to Hamilton and Susmel’s (1994) and Cai’s (1994)
SWARCH models, and two models in which the shape parameter and degree of kurtosis,
respectively, are allowed to switch between regimes.
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2.3 Performance assessment

2.3.1 In-sample performance

Since many of the conditional variance models presented are nested, it is pos-
sible to assess, by comparison, their in-sample fit through the use of LRTs (cf.
Hamilton and Susmel, 1994; Gray, 1996; Klaassen, 2002; Edwards and Susmel,
2003; Canarella and Pollard, 2007). In these cases, the LR statistic is:

LRd = −2(L0 − L1) (18)

where Li is the maximum log-likelihood value associated with model i and
d is the number of restrictions under the null hypothesis that Model 0 fits the
data as well as Model 1. When testing two models with the same number of
states, LRd asymptotically follows the χ2 distribution.

If the models do not have an equal number of regimes, the LR statistic is
no longer distributed χ2 (Garcia, 1998), as in these cases the parameters asso-
ciated with the extra regime are unidentified under the null hypothesis, thereby
violating the regularity conditions required for a χ2-distributed LR statistic
(Bollen et al., 2000). For comparing models with differing numbers of states,
Davies (1987) offers a relatively less burdensome, closed-form LRT. The Davies
(1987) upper-bound test adjusts the standard LR significance level to provide
an upper-bound on the actual level of significance. Specifically, an upper-bound
on the actual level of significance for the LRT statistic (LR) is:

Pr∗[X2
q > LR] =

Pr[X2
q > LR] + 2(LR/2)q/2 exp(−LR

2
)

Γ( q
2
)

(19)

where q is the number of nuisance parameters and Γ(·) is the gamma func-
tion. Since Pr∗[X2

q > M ] is strictly greater than Pr[X2
q > M ], the Davies

(1987) upper-bound test need only be conducted if the null is rejected using the
quasi-LRT (Wang and Theobald, 2008). Although Davies’ (1987) test provides
an upper-bound on the actual significance level, and is therefore somewhat con-
servative (Garcia, 1998), it provides a more formal comparison of one versus
two-state and two- versus three-state models. Importantly, greater confidence
can be taken in a rejection of the null hypothesis once the p-value has been
adjusted in this way.

Since this paper’s focus is on the nature of stock return volatility, the cap-
turing of heteroscedasticity is imperative. Much of the work examining models
of conditional variance make use of the Ljung-Box Q-test in this regard (cf.
Hamilton and Susmel, 1994; Gray, 1996; Susmel, 1999; Edwards and Susmel,
2003; Canarella and Pollard, 2007). In particular, the squared standardised
residuals from each model are tested for any remaining autocorrelation, the ex-
istence of which signals the presence of excess heteroscedasticity. Consistent
with Canarella and Pollard (2007), therefore, the models are tested by specif-
ically making use of the Q-statistic at 12 lags (autocorrelation found only at
higher lags is assumed to be spurious). The results of the LRTs, quasi-LRTs,
Davies’ (1987) tests, and the Ljung-Box Q-tests are then taken together as an
indication of the in-sample goodness-of-fit of each model considered.
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2.3.2 Forecasting performance

In addition to in-sample tests, forecasting tests are widely used in assessing
the overall performance of univariate Markov-switching models of conditional
variance (cf. Hamilton and Susmel, 1994; Gray, 1996; Susmel, 1999; Haas,
2004; Marcucci, 2005). This stems from the difficulty in comparing the in-
sample performance of models that are not strictly nested, and the violation
of regularity conditions when comparing, for example, switching to single-state
models.

To conduct a forecast analysis, the sample was shortened by 115 observa-
tions. The relatively high computational burden associated with the rolling
estimation of SWARCH and MS-GARCH models restricted the plausible size of
the forecasting window. A rolling estimation of each model was then conducted
using a constant in-sample window size of 2 495 observations. At each esti-
mation step, 1- to 15-day forecasts of the conditional variance were estimated.
This procedure results in 100 sets of 1- to 15-day forecasts. These were then
compared to the observed daily squared residuals, according to the particular
loss functions chosen. Although the daily squared residuals can be a very noisy
estimate of actual volatility, the data are not available at a higher frequency.
Furthermore, although noisy, the daily squared residuals remain an unbiased es-
timate of the actual volatility observed, and are thus adequate for comparative
purposes.

Some studies of forecasting performance are restricted to a simple compar-
ison of forecast errors, represented by selected loss functions (Hamilton and
Susmel, 1994; Susmel, 1999). In a preliminary analysis of forecasts conducted
in this paper, mean absolute forecast errors (MAE) and mean squared forecast
errors (MSE) are used as loss functions in order to gauge the suitability of the
various model specifications. The MSE and MAE figures are:

MSE =
1

T

∑T
t=1{ε̂2t − ht}2 (20)

MAE =
1

T

∑T
t=1{ε̂2t − ht}2 (21)

where T is the number of observations in the forecasting window, ε̂2t is the
observed squared residual, and ht is the forecasted conditional variance. The
MSE loss function is included because of its prevalence in the forecasting per-
formance literature (Clark and West, 2007). Although the MSE measure can
sometimes be used in isolation when forecasting data in levels, it is not clear
that the fourth moment of the data in question always exists. Hence, rather
than take the square of a square (as in the case of the MSE) as the only mea-
sure of forecasting performance, this paper includes the MAE, which does not
exhibit the same problem. The MAE measure has the added advantage of equal
weighting between larger and smaller errors, whereas the MSE measure adds
more weight to larger errors; an assumption better left to the practitioner.

More formal tests of forecasting performance are conducted by, among oth-
ers, Klaasen (2002), Haas (2004) and Marcucci (2005). This paper applies the

10



Diebold and Mariano (1995) test.4 The mean loss (d) is:

d =
1

T

∑T
t=1{f(e1t )− f(e2t )} (22)

where e1t is the forecast error for model 1 at time t, and f(x) is the relevant
loss function. The Diebold-Mariano (1995) test statistic is then defined as:

DM = d/

√
σ2d

(T − 1) (23)

where σ2d is the sample variance of d. This DM statistic, under certain con-
ditions, follows a t-distribution. When comparing the forecasting performance
of the GARCH(1,1) model to those of the simple MS and SWARCH models, the
Diebold-Mariano (1995) test, utilising absolute forecast errors as the relevant
loss function, is used.

While the Diebold-Mariano (1995) test is suitable for comparisons between
the non-nested models, the statistic no longer has a t-distribution when the
competing models are nested (Clark and McCracken, 2001). Under these condi-
tions, a more suitable test of forecasting performance is provided by Clark and
West (2007). Clark and West’s (2007) test is thus used to compare the forecast-
ing performance of the GARCH(1,1), simple MS and SWARCH(2,1) against the
MS-GARCH(2,1,1) (which nests the other three models). Moreover, the test is
also used to compare the performance of the simple MS model against that of
the SWARCH(2,1). The Clark and West (2007) test adjusts the squared fore-
cast error of the larger model due to any inherent parameter estimation error.
Specifically, a new series (qt) can be constructed as:

qt = (e
1
t )
2 − {(e2t )2 − (h1t − h2t )

2} (24)

where eit is the forecast error and hit denotes the actual forecasts (model 1 is
nested within model 2). To obtain a test statistic, the qt series is regressed on a
constant. If the t-statistic associated with the estimated constant is significantly
greater than zero, the null hypothesis of equal predictive ability can be rejected
in favour of the larger model (Clark and West, 2007).

2.4 Multivariate models of conditional variance

2.4.1 Single-regime MV-GARCH models

It is widely observed that the volatility of many financial series move together
across markets (Edwards and Susmel, 2001; Bauwens et al., 2006). This appar-

4Marcucci (2005) makes use of the Diebold and Mariano (1995) test for equal predictive
ability, as well as White’s (2000) and Hansen’s (2001) tests for superior predictive ability.
The latter two tests are preferred by Marcucci (2005) on the basis that they test for the
existence of a superior model out of a set of alternatives rather than the more tedious pairwise
test of Diebold and Mariano (1995). While this point is valid when comparing a larger set
of alternative models, the forecasting tests are confined to four alternatives, rendering the
Diebold-Mariano (1995) test adequate for this paper.
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ent interdependence has resulted in the development of the multivariate GARCH
(MV-GARCH) framework, under which a variety of interactions between con-
ditional variances and covariances may be specified. The variance-covariance
matrix from the MV-GARCH can be used as an important input in assessing
contagion effects, computing time-varying hedge ratios, pricing assets through
the Capital Asset Pricing Model, or constructing minimum variance portfolios
(Bauwens et al., 2006).

Attempting to capture dynamic linkages between series, Bollerslev (1990) de-
veloped the constant conditional correlation (CCC) model. In this formulation,
the conditional variance of each series is estimated as in the univariate case. The
covariances between the series are then estimated as a constant proportion (ρij)
of the corresponding product of conditional standard deviations (Bauwens et
al., 2006). Considering a bivariate CCC model, the variance-covariance matrix
is:

Ht =

[
h11t ρ12(h11th22t)

0.5

ρ12(h11th22t)
0.5 h22t

]
(25)

The CCC specification significantly reduces the number of parameters to
be estimated; in the bivariate case, only one extra parameter (ρij) is required.
Through reducing greatly the number of parameters to be estimated, the CCC
model offers a greater possibility of convergence during the maximisation pro-
cedure (Bauwens et al., 2006). The ease of estimation and the flexibility of the
variance structure have thus ensured that the CCC and related models remain
popular in high-dimensional empirical work (Engle, 2004).

While the ease of estimation is an attractive feature of the CCC model, Tsui
and Yu (1999) have shown that the null hypothesis of a constant correlation
coefficient can be rejected for many financial series. A more flexible specifica-
tion of market co-movements therefore may be necessary in order to capture
this feature of the data.5 Engle and Kroner (1995) propose a specification in
which all the coefficients enter the model in quadratic form. Specifically, the
BEK(1,1,1) bivariate model is:

Ht =W ′W +A′ε̃t−1ε̃
′

t−1A+B′Ht−1B (26)

W =

[
ω1
ω2

]
(27)

A =

[
α11 α12
α21 α22

]
(28)

B =

[
β11 β12
β21 β22

]
(29)

5 In this respect, Engle’s (2002) DCC-GARCH model (in which the correlation coefficient is
explicitly time-varying) was also considered for estimation. However, the maximum likelihood
procedure failed to converge for most of the countries considered. The DCC model is thus
excluded from this paper’s analysis.

12



where W , A and B are matrices of coefficients to be estimated, ε̃t−1 is a vec-
tor of error terms, and Ht is a positive definite matrix of variance-covariances.6

Compared to the CCC model, the BEK specification contains a relatively large
number of parameters for any study involving more than two series. However,
the ability of the BEK model to capture a range of market interdependencies
makes it an attractive alternative, especially for low-dimensional analyses.

Although the time-varying nature of cross-correlation of returns can be cap-
tured by a number of multivariate models, this paper makes use of the CCC
and BEK models in particular. The CCC model serves as a benchmark with
which to test the null hypothesis of no time-variation whatsoever in the cross-
correlation of returns. The BEK model is used to provide a comparison between
a more flexible single-state model and the regime-switching alternative. These
models thus serve as single-state representatives in this paper.

2.4.2 Markov-switching MV-GARCH models

Hamilton and Lin (1996) develop the multivariate SWARCH (MV-SWARCH)
model in their analysis of the relationship between output growth and stock re-
turn volatility. Following the work of Hamilton and Lin (1996), MV-SWARCH
models have been typically restricted to fit certain assumptions. As MV-SWARCH
models tend to be computationally burdensome, it is often assumed that the
individual series experience only two volatility regimes, and such studies are
commonly restricted to bivariate analysis (Ramchand and Susmel, 1998; Ed-
wards and Susmel, 2003; Li, 2009). This simplified specification thus includes
four ‘primitive’ states (st∗) such that:

st∗ = 1 : Seriesi− st = 1;Seriesj − st = 1 (30)

st∗ = 2 : Seriesi− st = 1;Seriesj − st = 2 (31)

st∗ = 3 : Seriesi− st = 2;Seriesj − st = 1 (32)

st∗ = 4 : Seriesi− st = 2;Seriesj − st = 2 (33)

In this case, the number of primitive states (K*) is four, and the variance-
covariance matrix is hence generated by a four-state latent Markov chain. In-
clusion of more states or a higher dimensional analysis results in rapid growth
in parameters to be estimated, rendering maximum likelihood convergence un-
likely.

Ramchand and Susmel (1998) develop a MV-SWARCH model in which the
mean equation is constant across regimes. In vector form, the system is:

ỹt = A+Bỹt−1 + ε̃t (34)

ε̃t ∼ BD(0,Ht) (35)

6 It is the positive definiteness of Htthat results in the BEK model being preferred over
other models with flexible covariance structures, such as Bollerslev et al.’s (1988) VEC and
diagonal VEC models.
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where ε̃t follows a bivariate distribution (BD) and the time-varying condi-
tional covariance matrix Ht is characterised by the elements:

hxx,t
γx,st

= ωx +
∑q
k=1 αx,k

ε2x,t−k
γx,st−k

; x = {i, j} (36)

hij,t = ρi,st(hii,thjj,t)
0.5 (37)

The above model is thus a regime-switching generalisation of Bollerslev’s
(1990) CCC model. Common practice within the MV-SWARCH framework is
to assume that the correlations (ρxst) in st∗ = 1and st∗ = 2 are equal, and
likewise for st∗ = 3 and st∗ = 4 (Ramchand and Susmel, 1998; Edwards and
Susmel, 2003; Li, 2009). This restricts the correlation coefficient to vary with
the state of the ‘originator’ country series (Series i) and facilitates convergence
during the maximisation procedure through maintaining tractability of the sys-
tem (Ramchand and Susmel, 1998). Although derived from and somewhat
similar to the CCC specification, the MV-SWARCH model is not as restrictive
as its single-state counterpart. Rather than assuming a constant correlation co-
efficient, the potential for time-variation in the cross-correlation between series
is captured through changing filter probabilities through time. In this way, a
regime-switching characterisation of the conditional covariance of returns may
also be superior to other single-state alternatives such as the DCC-GARCH or
BEK-GARCH models.

In addition to the flexibility offered in the correlation coefficient, the MV-
SWARCH allows for statistical testing of different assumptions regarding the
interaction of variance states between countries. For example, if the variance
states of series I and J are independent, then p∗13 = pi12p

j
11. Alternatively, if the

variance states are fully dependent, and thus always equal, p∗13 = 0 (Ramchand
and Susmel, 1998). The MV-SWARCH thus offers a significant deal of flexibility
and opportunities to test various hypotheses regarding the nature of variance-
covariance states and the cross-correlation of returns.7

2.5 Performance assessment: Portfolio optimisation

Because the multivariate models in this paper are not nested, LRTs are an in-
appropriate test of comparative performance. In line with previous research
(Ramchand and Susmel, 1998; Lee and Yoder, 2007; Li, 2009), these models are

7Beyond the restricted MV-SWARCH model of Hamilton and Lin (1996), there have been
a number of extensions to the multivariate Markov-switching conditional variance-covariance
framework. Lee and Yoder (2007) and Haas and Mittnik (2008) develop Markov-switching
versions of the BEK and VEC models, respectively. Although the Markov-switching BEK
and VEC models allow for both autoregressive and regime persistence in the covariance of
returns, they are very highly parameterised and computationally intensive. For example, Lee
and Yoder’s (2007) Markov-switching BEK model requires (in the bivariate case, assuming
a constant within regime mean) the estimation of at least 28 parameters. Because of the
computational burden associated with the switching BEK and the resulting difficulty in ob-
taining convergence, this paper utilizes only the MV-SWARCH model as a Markov-switching
alternative to the single-state CCC-GARCH and BEK-GARCH specifications.
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assessed according to their ability to aid in the construction of optimal portfo-
lios. The logic for such a test is that the multivariate models that provide the
most accurate variance-covariance estimates should improve the performance of
portfolios formed based on these estimates. The bivariate models are each used
to construct optimal 2-element portfolios for a ‘typical’ risk-averse investor (cf.
Ramchand and Susmel, 1998; Li, 2009). The assumed utility function of this
investor is the familiar exponential utility function:

U(W ) = − exp{−λ
(

W

W0

)
} (38)

where W is expected wealth, W is current wealth, and λ is the coefficient
of absolute risk aversion (assumed to be 3) The relative performance of each
model is insensitive to the value of λ Optimal portfolio weights, represented by
the 2x1 vector w∗t , for this particular investor can then be obtained through:

w∗t =

(
1

λ

)[∑
−1

t

{
µt − (i′

∑
−1

t i)−1(µ′t
∑
−1

t i− λ)i
}]

(39)

where
∑
−1

t is the estimated 2x2 variance-covariance matrix of returns, µt is
a 2x1 vector of predicted means, and i is a 2x1 vector of one’s (Ramchand and
Susmel, 1998).

Using the calculated weights associated with each model, the portfolio (and
hence the underlying model) that exhibits the highest returns and lowest vari-
ances are preferred over the alternatives. To test for differences between portfo-
lio returns and variances, Li (2009) devises two test statistics, z1 and z2, which
are used in this paper’s multivariate analysis:

z1 =
√
T × (

1

T )×
∑T
t=1 r

i−j
t

SD(ri−jt )
(40)

z2 =
√
T × (

1

T )×
∑T
t=1(r

i−j
t × ri+jt )

SD(ri−jt × ri+jt )
(41)

where:
ri−jt = rit − rjt (42)

ri+jt = rit + rjt (43)

and rit is the observed return at time t for portfolio i. The test statistic z1
tests whether the portfolio returns are significantly different, and z2 tests for
differences between the variances. In each case, the test statistic asymptotically
follows the standard normal distribution. For z1, if the calculated z-statistic
is greater than the appropriate critical value, model i produces a significantly
higher return than model j. Likewise, for z2, if the calculated z-statistic is
greater than the appropriate critical value, model i produces a significantly
higher variance than model j
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Because many investors are not concerned with portfolio returns or variances
in isolation, the Sharpe ratios, which provide a measure of risk-adjusted returns,
for each portfolio are used to provide an overall assessment of the adequacy of
each model (Ramchand and Susmel, 1998; Li, 2009). Assuming a zero risk-free
rate, the Sharpe ratio for portfolio i is:

SRi =
1

T

∑T
t=1 r

i
t

SDrit
(44)

Those portfolios, and hence underlying models, exhibiting the highest Sharpe
ratios are preferred over the alternatives.

3 Empirical results

3.1 Univariate models

3.1.1 The time-path of volatility states

Figures 2-6 show, for each country examined, the continuously compounded
daily returns series and the smoothed probability series, p1t, obtained through
the estimation of the SWARCH(2,1) model with Student’s t errors. Since there
are only two states in this instance, p2t can be derived by subtracting p1tfrom 1.
Graphically, p2tcan be seen as the smoothed probability figure, turned upside-
down. Although the smoothed probabilities are derived from the SWARCH(2,1)
estimates specifically, they are qualitatively very similar to those obtained using
a number of other Markov-switching models (such as the simple MS and more
highly parameterised SWARCHmodels), and hence provide a sufficient overview
of the general result presented below.

Using the rule-of-thumb proposed by Hamilton (1989), an observation at
time t is classified as belonging to state 1 if p1t > 0.5. Evident from Figures
2-6, South Africa and Morocco begin the sample period in a prolonged period of
low volatility until the period 2006 to 2007, in which the smoothed probability
switches a number of times between the low- and high-volatility states. Con-
trastingly, Kenya, Mauritius, and Nigeria begin the sample period in a somewhat
unsettled state, switching often between low- and high-volatility states between
2002 and the end of 2004. Following this uncertain period, these three countries
enter into the low-volatility state for the majority of the period until 2007. As a
result of the contagion experienced in the wake of the developed market financial
crisis, each series enters into a high-volatility state between the third and fourth
quarter of 2008. South Africa, Kenya, and Morocco exit the high-volatility state
after roughly two quarters, remaining in the low-volatility state for much of the
following two years. Mauritius and Nigeria experience more prolonged periods
in the high-volatility state, post-crisis, and Nigeria in particular remains in an
uncertain state for the remainder of the sample. While Morocco remains in
the low-volatility state towards the end of the sample, all of the other countries
exhibit a sharp switch into the high-volatility state during the third quarter of
2011, accompanied by a sharp exit out of this state after roughly one quarter.
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The joint pattern emerging is one of generally low volatility leading up to
the global financial crisis, followed by two clear yet relatively short-lived periods
in the high-volatility state.8 This pattern is consistent with this paper’s pre-
liminary data analysis as well as with much of the empirical literature, and is
one of the features of stock market data which supports the use of conditional
variance models with more than one state (Susmel, 1999).

3.1.2 Error distribution and leverage effects

For all the models estimated, specifications incorporating Student’s t errors are
strictly preferred to those assuming normally distributed errors. As illustrated in
Table 2, LRTs are used to test the null of Gaussian errors against the alternative
of Student’s t distributed errors for all countries examined. In each case, the
null of normally distributed errors is rejected at the 1% level of significance for
the GARCH(1,1), simple MS, SWARCH(2,1), and MS-GARCH(2,1,1) models.
This is a common finding in studies using high-frequency financial data, and is
due largely to the excess kurtosis found in daily stock returns (Dueker, 1997).
For this reason, the remainder of the investigation focuses exclusively on those
specifications using Student’s t errors, unless otherwise stated.

A unique feature of the African stock markets used is the lack of a clear
leverage effect. As shown in Tables 3 and 4, including a leverage term in both
the GARCH(1,1) and SWARCH(2,1) models does not, in general, improve their
fit. Specifically, for all the countries considered except South Africa, the null
hypothesis of no asymmetry cannot be rejected according to an LRT. In light of
this result, the models considered in the remainder of the paper do not include
a leverage effect term.

3.1.3 Univariate parameter estimates and their economic meaning

Using the African stock market data available, the generally reported pattern
of high persistence has been repeated. Referring to the GARCH(1,1) coefficient
estimates (Table 5), the degree of persistence is measured by the sum α1 +
β1. For all countries, the sum of these coefficients is relatively high, the lowest
being 0.9463 for Nigeria and the highest 1.086 for Mauritius. In fact, for Kenya
and Mauritius, an LRT indicates a failure to reject the null hypothesis that the
conditional variance of returns follows an I-GARCH process. For South Africa
and Nigeria, the null can be rejected at the 5% level, while it can be rejected
at the 1% level for Morocco. Given the lack of a strong theoretical reason for
such high autoregressive persistence in the conditional variance, the preceding
result provides sufficient motivation to investigate the existence of more than
one volatility state.

The most basic Markov-switching model of the conditional variance pre-
sented in this paper is the simple MS model (Table 6). This model characterises
the conditional variance as alternating between two constants, associated with

8This pattern is followed, to a lesser extent, by Kenya and Nigeria, who display a number
of idiosyncratic state transitions as well.
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a low-volatility state and a high-volatility state respectively. The simple MS es-
timation yields similar results across the various countries. The high-volatility
regime typically has a conditional variance that is between five times (Morocco
and South Africa) and ten times (Kenya) that of the low-volatility regime, sug-
gesting that the two regimes exhibit economically distinct behaviour. More
formal tests of the existence of the second regime (and higher) are deferred to
the next sub-section.

Based on the estimated transition probabilities, both states are highly per-
sistent for most countries. South Africa experiences the most persistent states9

(the low-volatility state is expected to last for about 213 trading days on average,
and the high-volatility state about 54 trading days), with Kenya showing the
least persistent states (29 days in low-volatility and 8 days in high-volatility).
The level of persistence for Mauritius, Morocco and Nigeria lie in between these
extremes, but generally closer to the Kenyan case than that of South Africa.

In Table 6, the SWARCH(2,1) model parameters tell a somewhat similar
story to that of the simple MS model. The SWARCH(2,1) characterises the
conditional variance as following an ARCH process that is scaled upwards by
a scaling parameter, γ2, when the series enters into the high-volatility state.
For Kenya, Mauritius, Morocco, and Nigeria, the ARCH term is significant
at the 1% level, while for South Africa, it is statistically insignificant. The
scaling parameters range between 4.27 for Kenya and 6.10 for Mauritius and,
according to a Wald test, are all significantly different from 1, thus strongly
suggesting (although not formally proving) the existence of a second regime for
all countries. Unsurprisingly, the low-volatility regime is more persistent than
the high-volatility regime for each country. Based on the transition probabilities,
the low-volatility regimes are expected to last between 263 (Morocco) and 48
(Nigeria) trading days, while the high-volatility regimes are expected to last
between 57 (South Africa) and 31 (Morocco) trading days. The unconditional
probability of being in state 1 ranges between 59.73% (Nigeria) and 89.30%
(Morocco), while the minority of time is spent in state 2. This is consistent
with the differing level of persistence observed and the pattern of smoothed
probabilities illustrated in Figures 2-6.

Including a GARCH term in the Markov-switching framework allows for an
alternative source of volatility persistence. Estimation of Dueker’s (1997) MS-
GARCH(2,1,1) thus leads to a different set of conclusions with respect to some
of the countries studied (Table 6). For instance, although the scaling para-
meters are similar in magnitude to those of the SWARCH(2,1) model, a t-test
shows that for South Africa and Morocco, they are not significantly different
from 1. Clearly, the inclusion of a GARCH term has, for these two countries,
negated the explanatory power of regime persistence in favour of autoregressive
persistence. In fact, the GARCH term is significant at the 1% level for all the
countries analysed. For Kenya, Mauritius and Nigeria, however, the scaling pa-
rameters remain significantly greater than 1, in spite of an alternative source of

9This could be due to the greater market capitalisation, liquidity, or relative institutional
efficiency of the Johannesburg Securities Exchange.
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persistence. Strengthening the case for a one-state model, some of the transition
probabilities estimated are not significant at conventional levels. Specifically, for
South Africa and Nigeria, the transition probability P (1, 2) is not significant,
suggesting that the second regime is not well defined.

These results indicate that a two-state characterisation of the conditional
variance of returns may be useful in the case of Kenya, Mauritius, and perhaps
Nigeria, but may be inappropriate for South Africa and Morocco (although,
once again, this is not a formal test of the existence of a second regime, which
is discussed in the next sub-section).

3.2 Model selection

3.2.1 In-sample goodness of fit

Various univariate models are tested based on their likelihood ratios, as well
as their ability to capture the existing heteroscedasticity in the data. The test
statistics and/or their associated p-values are presented in Tables 2, 3, 4, 7 and
8.

As a preliminary test for the existence of more than one regime, a basic
AR(1) with a constant variance is compared to the alternative simple MS model.
In this case, the only structural difference between the two models is that the
latter expresses the ‘working’ conditional variance as a weighted average of two
state-specific conditional variance estimates. Since the second state-specific con-
ditional variance is unidentified under the null, the standard LRT statistic is no
longer distributed χ2. Nonetheless, a quasi-LRT indicates that, for all countries,
the AR(1) can be rejected at the 1% level of significance. Additionally, a Davies
(1987) upper-bound test confirms the findings of the quasi-LRT, and provides
more conclusive evidence in favour of the regime-switching specification.

Having established the superior fit of the simple MS over the AR(1) model,
it is necessary to test whether the simple MS model fully captures the observed
heteroscedasticity. Taking the squared standardised residuals for each country,
a Ljung-Box Q test indicates some residual heteroscedasticity in most cases.
Specifically, Q-statistics at 12 lags are found to be significant at the 1% level for
Nigeria, Mauritius and South Africa, and at the 5% level for Morocco. Notably,
there is no residual heteroscedasticity found in the case of Kenya, indicating
that a simple MS model may adequately capture Kenya’s stock market volatility
process.

Given that the simple MS model fails to capture the heteroscedasticity for
most of the countries analysed, the following step is to examine whether a
model that allows for some degree of autoregressive behaviour in the squared
errors is able to do so. The SWARCH(2,1) and MS-GARCH(2,1,1) models pro-
vide natural extensions to the simple MS model, allowing for the existence of
both regime-switching and conventional (G)ARCH dynamics. Since the persis-
tence attributable to the lagged conditional variance term in a GARCH(1,1)
may be more appropriately captured by the persistence of different states in a
Markov-switching framework, the next test considers the SWARCH(2,1) against
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the simple MS model. Following this, the existence of GARCH effects (over
and above regime persistence) is tested by comparing both the simple MS and
SWARCH(2,1) models with the MS-GARCH(2,1,1).

Considering the inclusion of one lagged squared residual term, an LRT in-
dicates that for Kenya, Mauritius, and Morocco, the simple MS is rejected in
favour of the SWARCH(2,1) at the 1% level of significance, while for Nigeria it
is rejected at the 5% level. The SWARCH(2,1) does not provide a statistically
significant improvement in the log-likelihood value for South Africa, however,
as the LRT results in a failure to reject the null. Analysing the squared stan-
dardised residuals, the SWARCH(2,1) model is able to more fully capture the
heteroscedasticity of returns than the simple MS. Specifically, Q-statistics at 12
lags are insignificant at conventional levels for Kenya, Mauritius and Morocco.
For South Africa and Nigeria, however, there is remaining autocorrelation in
the squared standardised residuals.

Since none of the models thus far have been able to account across all coun-
tries for the total extent of heteroscedasticity, the MS-GARCH(2,1,1) model is
tested as a plausible alternative characterisation of the conditional variance. An
LRT indicates that the MS-GARCH(2,1,1) is strongly favoured against both the
simple MS and the SWARCH(2,1) models. In each comparison, the LR statistic
is significant at the 1% level for all the countries. In addition, estimation of
the MS-GARCH(2,1,1) model results in no remaining heteroscedasticity for all
the series. In particular, the Q-statistic at 12 lags (for the squared standard-
ised residuals) is not significant at conventional levels for any of the countries
considered, indicating that the MS-GARCH(2,1,1) fits the data well in all cases.

Because the strongest result obtained thus far seems to be associated with
the inclusion of a GARCH term, it is appropriate to test the in-sample per-
formance of the simpler, single-regime GARCH(1,1) model against the alterna-
tive MS-GARCH(2,1,1). Both the GARCH(1,1) and MS-GARCH(2,1,1) models
are able to account adequately for the autocorrelation in the squared returns.
Analysing the squared standardised residuals resulting from each model, both
models perform well (as indicated by the insignificant Q-statistics at 12 lags of
all the series tested). A more telling distinction is made between the models
when referring to the LRT results.

In this case, a Davies (1987) upper-bound test is necessary in addition to the
quasi-LRT, because the parameters associated with the second state are uniden-
tified under the null hypothesis of a GARCH(1,1) conditional variance. Ignoring
the problem of the nuisance parameters, a quasi-LRT leads to the rejection of
the null hypothesis at the 1% level of significance for Kenya, Mauritius, Mo-
rocco and Nigeria. Thus, for these countries, the MS-GARCH(2,1,1) provides a
better in-sample fit than the GARCH(1,1) model. In contrast, for South Africa
the test indicates a failure to reject the null hypothesis. In addition, the Davies
(1987) test confirms these preliminary findings. Specifically, according to the
Davies (1987) test, the adjusted p-value is 0.7389 in the case of South Africa,
and less than 0.01 for all other countries. Although the Davies (1987) test pro-
vides an upper-bound for the actual p-value of the test statistic and is hence
somewhat conservative, the relatively extreme values obtained here provide a
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reasonable level of confidence in the results. Accordingly, with the exception of
South Africa, the inclusion of more than one state in the conditional variance
process improves the in-sample fit of the models.

Despite the outperformance of the MS-GARCH(2,1,1) when compared to the
GARCH(1,1), simple MS model, and SWARCH(2,1), it remains plausible that
more flexible specifications of these models may not be outperformed to the same
extent, if at all. For example, adding an additional lag to the SWARCH(2,1)
specification (SWARCH(2,2)) improves the log-likelihood value at the 1% level
for all the countries. Moreover, when comparing the SWARCH(2,2) to a SWARCH(2,4)
specification, an LRT results in the rejection of the SWARCH(2,2) at the 1%
significance level for South Africa, Kenya and Nigeria. Although including ad-
ditional lags generally improves the SWARCH(2,1) model’s in-sample fit, the
MS-GARCH(2,1,1) remains the better fitting model, at least in terms of LR
statistics. Including additional lags is not the only way to increase flexibility.
Adding another state to the SWARCH(2,1) model (SWARCH(3,1)) also pro-
vides a better in-sample fit. A quasi-LRT and Davies (1987) upper-bound test
indicates that the two-state version can be rejected in favour of three states at
the 1% level for all the countries considered.

Due to the multitude of potential model specifications available, it is not a
straightforward task to select the single best performer. In fact, much of the
literature addressing Markov-switching volatility models go beyond in-sample
tests in order to assess overall performance. Because of the computational dif-
ficulty associated with comparing models with different states, forecasting per-
formance can be adopted as an additional and more formal measure of model
adequacy (Bollen et al., 2000). As such, the four basic models assessed so
far (GARCH(1,1), simple MS, SWARCH(2,1), and MS-GARCH(2,1,1)) will be
subject to forecast accuracy tests in the following section.

3.2.2 Forecasting performance

Table 9 contains MAE and MSE estimates for each country at each forecast
horizon. For South Africa, the results are strikingly consistent. Using both
the MSE and MAE measures, the simple MS model provides the most accurate
forecasts at all horizons, followed closely by the SWARCH(2,1) model. The
MS-GARCH(2,1,1) and GARCH(1,1) provide the least accurate forecasts, with
the former performing the worst. In terms of improving the MAE measure, the
simple MS model performs 8.48% better than the MS-GARCH(2,1,1) at the
1-day horizon, and 5.58% better at the 3-week horizon.

With respect to Kenya, the results are more mixed. At the 1-day horizon,
the MAE indicates that the SWARCH(2,1) model performs the best, followed by
the GARCH(1,1) and MS-GARCH(2,1,1) models, with the simple MS faring the
worst. By contrast, the MSE suggests that the simple MS model performs the
best at the 1-day horizon, with the GARCH(1,1) and SWARCH(2,1) performing
slightly worse, and the MS-GARCH(2,1,1) performing worst overall. At the 1-
week horizon both measures indicate that the simple MS model performs the
best, followed by the SWARCH(2,1), GARCH(1,1), and MS-GARCH(2,1,1).
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At the 3-week horizon, the top two performers remain the same, while the MS-
GARCH(2,1,1) marginally outperforms the GARCH(1,1). When measured by
the MAE, the simple MS model performs 2.84% worse than the GARCH(1,1) at
the 1-day horizon. However, at the 1- and 3-week horizons, the simple MS model
improves the MAE by 19.10% and 48.91%, respectively, over the GARCH(1,1)
forecasts. For Kenya, therefore, the simple MS specification is thus clearly the
preferred model by this measure.

In the case of Mauritius, the simple MS and SWARCH(2,1) models continue
to dominate the GARCH(1,1) and MS-GARCH(2,1,1). At the 1-day horizon,
the SWARCH(2,1) model performs the best overall. The MAE improvement
over the worst performing model (the MS-GARCH) is 27.59%. At the 1- and 3-
week horizons, the simple MS performs the best, followed by the SWARCH(2,1),
the GARCH(1,1), and the MS-GARCH(2,1,1). At the 3-week horizon, the sim-
ple MS model improves the MAE by 80.63% over the GARCH(1,1) and 84.69%
over the MS-GARCH(2,1,1).

Considering Morocco, the GARCH(1,1) outperforms all other models at the
1-day and 1-week horizons, using both the MAE and MSE measures. The other
three models produce similar results at these horizons, with the GARCH(1,1)
improving the MAE by only 6.06% over the worst model at 1-week. At the 3-
week horizon, the GARCH(1,1), simple MS, and SWARCH(2,1) models produce
very similar results by both measures, with the MS-GARCH(2,1,1) clearly per-
forming the worst. On balance, the GARCH(1,1) is relatively more successful
using the Moroccan series than for the other countries examined.

For Nigeria, the MS-GARCH(2,1,1) model outperforms all the others using
both measures of forecast accuracy at each horizon. This constitutes the best
relative performance of the MS-GARCH(2,1,1) for all of the countries studied.
The GARCH(1,1) performs second-best at the 1-day horizon, but falls to worst
at the 1- and 3-week horizons. Conversely, when measured by the MAE, the
simple MS model performs worst at the 1-day horizon but rises to second-best
at the longer horizons. The MS-GARCH(2,1,1) improves the MAE over the
worst performing model by 8.41% at 1 day, 10.24% at 1 week, and 21.64% at 3
weeks.

Overall the forecasting results are somewhat mixed, but tend to favour the
models without a GARCH term, especially at the longer forecast horizons. The
GARCH(1,1) shows a comparative advantage at the 1-day horizon, but performs
better than the simple MS and SWARCH(2,1) models only for Morocco. Except
for Nigeria, the MS-GARCH(2,1,1) is the poorest performer. This may be due to
over-parameterisation, as the MS-GARCH(2,1,1) is the only model tested that
allows for two sources of persistence. For South Africa, Kenya, and Mauritius,
the simple MS performs the best at the two longer forecast horizons. In these
cases, it is also the SWARCH(2,1) that consistently performs the second-best
out of all the models tested. The forecasting outperformance of the simpler
Markov-switching models over the GARCH and MS-GARCH models points to
a potential benefit to be derived from a different characterisation of volatility
persistence.

Although the evidence in favour of the simpler Markov-switching models
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appears strong, no formal statistical test of forecasting performance has yet been
conducted. A simple F -test for differences in the MSE figures is inappropriate
if the condition of contemporaneously uncorrelated forecast errors, among other
conditions, is violated. Since this is highly likely to be the case,10 the Diebold
and Mariano (1995) test of equal predictive ability is deemed more appropriate.

To avoid the problems of ad hoc assumption-making, the Diebold-Mariano
(1995) test makes use of absolute forecast errors as the relevant loss function.
Under this test, the simple MS and SWARCH(2,1) models can be formally com-
pared to the single-state GARCH(1,1), which acts as the benchmark. Under the
null hypothesis, the pair of models tested has equal predictive ability. A highly
positive statistic indicates that the Markov-switching model produces better
forecasts, whereas a highly negative statistic indicates that the GARCH(1,1) is
the better forecaster. The test statistics are presented in Table 10.

According to the Diebold-Mariano (1995) test, the simple MS model, which
performed well under the preliminary analysis, continues to do so relative to the
GARCH(1,1), particularly at the longer forecast horizons. For South Africa,
the simple MS is shown to produce better 1-day and 1-week forecasts at the
1% level of significance. The 3-week forecasts are also shown to be superior,
but only at the 10% level. Referring to both the Kenyan and Mauritian data,
the null hypothesis of equal predictive ability for the 1-day horizon cannot be
rejected at any conventional significance level. However, as is consistent with
the analysis so far, the 1- and 3-week forecasts of the simple MS model are
superior to the GARCH(1,1) at the 1% significance level. In the Moroccan
case, the GARCH(1,1) outperforms the simple MS at all horizons (this is the
only instance in which the GARCH(1,1) is clearly preferred). For Nigeria, at
the 1-day horizon the GARCH(1,1) produces better forecasts at the 5% level of
significance, whereas at the longer horizons the simple MS performs better at
the 1% level.

The SWARCH(2,1) model, because of its similarity to the simple MS model,
produces a comparable forecasting performance. For South Africa and Kenya,
the SWARCH(2,1) provides superior forecasts to the GARCH(1,1) at two of
the three forecast horizons. In the South African case, the 3-week forecasts are
not statistically different, while for Kenya it is at the 1-day horizon that the
null of equal predictive ability cannot be rejected. With respect to Mauritius,
the SWARCH(2,1) is superior to the GARCH(1,1) at all the forecast horizons
used. For Morocco, the GARCH(1,1) outperforms the SWARCH(2,1) at the 1-
day and 1-week horizons. At the 3-week horizon, the null hypothesis cannot be
rejected at any conventional level of significance. Using the Nigerian data, the
1-day and 1-week horizons show no significant differences between the models’
forecasts. At the 3-week horizon, however, the SWARCH(2,1) shows superior
predictive ability at the 1% level of significance.

According to Clark and McCracken (2001), the Diebold-Mariano (1995) test
statistic no longer has a t−distribution if the pair of models used is nested.

10Since many of the models are nested, their forecasts (and the changes in their forecasts
through time) tend to be similar.
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For this reason, the MS-GARCH(2,1,1) model, which nests all the others, is
tested using the adjustment procedure suggested by Clark and West (2007).
Additionally, the Clark and West (2007) procedure can be used to compare the
forecasting performance of the SWARCH(2,1) and simple MS models. Table
11 contains the p-values associated with the Clark and West (2007) t-statistics.
For each country, the MS-GARCH(2,1,1) is tested against the remaining three
models, and the SWARCH(2,1) is tested against the simple MS.

Under the Clark and West (2007) test, the MS-GARCH(2,1,1) performs
relatively poorly. For South Africa, the MS-GARCH(2,1,1) outperforms the
GARCH(1,1), simple MS, and SWARCH(2,1) models at the 3-, 1-, and 1-week
horizons, respectively. For Nigeria, the MS-GARCH(2,1,1) also outperforms the
simple MS model at the 1-week horizon. Besides these isolated cases, for South
Africa, Kenya, Morocco and Nigeria, the alternative models produce better
forecasts at every horizon. In stark contrast to the other countries used, Mau-
ritius produces a somewhat surprising result, given the relatively poor MSE
and MAE figures associated with the MS-GARCH(2,1,1). In this case, the MS-
GARCH(2,1,1) is shown to outperform the GARCH(1,1) and SWARCH(2,1)
models at every horizon, at the 1% level of significance. It also outperforms the
simple MS at the 1- and 3-week horizons.

Testing the simple MS model against the SWARCH(2,1) produces results
that are consistent with the preliminary comparisons of MSE and MAE figures.
In general, that is, the SWARCH(2,1) fails to significantly outperform the sim-
ple MS. Exceptions are for Kenya and Mauritius at the 3-week horizon, and
Mauritius and Nigeria at the 1-week horizon.

In summary, the forecast tests generally favour the simple MS and the
SWARCH(2,1). These models exhibit little or no autoregressive persistence,
in contrast to the GARCH(1,1) and MS-GARCH(2,1,1). In order to gain a
better understanding of why the simpler Markov-switching models outperform
those with lagged conditional variance terms, it is helpful to investigate any
systematic differences in forecasts that may exist. As an illustrative example,
Figure 7 shows the 1-day, 1-week and 3-week difference between the simple MS
and GARCH(1,1) forecasts for Kenya.

Consistent with the analysis so far, there appears to be no systematic differ-
ence between the simple MS and GARCH(1,1) forecasts at the 1-day horizon.
However, at the 1- and 3-week horizons, the simple MS produces systematically
lower conditional variance estimates than those of the GARCH(1,1). This needs
to be understood within the context of the volatility regime towards the end of
the rolling estimation sample, and the volatility regime after the sample. Re-
moving 115 observations (as was done in order to conduct the forecast tests)
re-adjusts the sample so that the last observation occurs roughly at the end of
2011. At that point, each country (with the exception of Morocco) transitions
from the high-volatility state to the low-volatility state, and remains there for
the first five months of 2012.

Since the GARCH(1,1) does not identify volatility states, the high-volatility
shocks occurring towards the end of 2011 result, via the autoregressive mech-
anism, in systematically higher forecasts than those of the regime-switching
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models. The simpler regime-switching models (those with little or no autore-
gressive dynamics in the conditional variance), immediately identify the tran-
sition to a low-volatility state and adjust their forecasts accordingly. In this
way, the simpler Markov-switching models can provide superior forecasts to the
GARCH(1,1) or MS-GARCH(2,1,1) models, especially over periods in which a
series moves from one state to another.

3.3 Multivariate models

Bivariate MV-SWARCH(2,1), CCC-GARCH and BEK-GARCH models are es-
timated for the multivariate study. In all cases, models were estimated assuming
both normal and Student’s t distributed errors. As in the univariate case, how-
ever, LRTs indicate that specifications assuming Student’s t distributed errors
provide a better fit of the data. Hence, unless otherwise stated, the analysis
is restricted to these models. This paper restricts the Markov-switching model
to a bivariate extension of the SWARCH(2,1) specification (cf. Ramchand and
Susmel, 1998; Edwards and Susmel, 2001). This is due to the large number of
parameters that typically have to be estimated in multivariate models: Restrict-
ing each country to two states results in a four-state bivariate model. For this
relatively simple Markov-switching model, 25 parameters need to be estimated.
Inclusion of further flexibility in the model substantially decreases the probabil-
ity of convergence to a global maximum during the quasi-maximum likelihood
estimation procedure.

3.3.1 The time-path of volatility states

As an illustrative example, the return series for South Africa and Mauritius are
presented in Figure 8, coupled with the smoothed probabilities of each primitive
state, which have been derived through estimation of the South Africa-Mauritius
MV-SWARCH model. Clearly, much of the sample period is spent within prim-
itive states 1 and 4 (in which both South Africa and the Mauritius are in state 1
and 2, respectively). It is thus worthwhile to test, for each country, whether the
model can be restricted so that both markets are always in equivalent states,
without losing significant explanatory power. This ‘dependent states’ hypoth-
esis is tested by restricting the model to two primitive states, in which both
markets are either in state 1 or 2, and subsequently conducting an LRT against
the unrestricted model. Since there are 10 restrictions imposed on the depen-
dent states model, the 1% critical χ2 value is 23.21. For all the market pairs
used, the LR statistic exceeds the 1% critical value. Thus, the null hypothe-
sis of fully dependent states is rejected in favour of the more flexible model,
in which Kenya, Mauritius, Morocco, and Nigeria transition at least partially
independently of South Africa between volatility states.
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3.3.2 Bivariate parameter estimates and their economic meaning

The focus of this sub-section is on the statistical significance and economic
implications of the covariance parameter estimates for each of the three models
presented (Tables 12-14). The inclusion of a covariance structure is one of the
advantages of moving from a univariate to bivariate setting, and is primarily
what allows for the study of inter-linkages between markets.

The CCC-GARCH model is the most restrictive multivariate model pre-
sented, as it assumes that the correlation coefficient, which directly affects the
conditional covariance between two series, remains constant. Nonetheless, the
relative ease with which it can be estimated and the simplicity of the innovation
provides a good starting point for any multivariate analysis of volatility.

For all the ‘South Africa-Other’ pairs used, the correlation coefficients es-
timated under the CCC-GARCH specification are positive (Table 13). This
indicates some degree of common risk sources between the markets analysed.
For example, if the countries were all net exporters of commodities, one would
expect the returns and volatility of these markets to be related in a similar
way to the level or volatility of a commodities price index, and hence to each
other indirectly (Diebold and Yilmaz, 2008). Alternatively, if all the markets
examined are highly integrated with the global financial economy, the swings of
international capital may affect them similarly during optimistic and pessimistic
periods of investor sentiment (King andWadhwani, 1990). For the South Africa-
Kenya, South Africa-Mauritius, and South Africa-Nigeria pairs, the correlation
coefficient is significant and ranges between about 0.04 and 0.05. By contrast,
the South Africa-Morocco correlation coefficient is a relatively high at 0.25 and
is statistically significant, suggesting a much greater degree of interdependence
between these two markets than in the other cases.

Engle and Kroner’s (1995) BEK-GARCH allows for a greater degree of flex-
ibility in the conditional covariance. In addition to a constant, the conditional
covariance term (and each conditional variance term) in a bivariate framework
is modelled as linearly dependent on the lagged squared residuals from both se-
ries, the lagged residuals multiplied by each other, and the lagged variance and
covariance terms. This allows for time variation in the conditional covariance,
in an equivalent manner to a univariate GARCH model.

With respect to the South Africa-Kenya and South Africa-Morocco pairs,
Table 14 illustrates that no off-diagonal matrix elements are statistically signif-
icant. Due to the particular structure of the BEK model, this means that the
constant, lagged squared errors, and lagged conditional variance terms fall away
from the conditional covariance equation. The lagged conditional covariance
terms and the multiplied residuals, however, retain their explanatory power,
allowing for persistence and variation in the conditional covariance series. The
statistical insignificance of the lagged conditional variance coefficients indicates
that the volatility experienced in either market (in both cases) plays little role
in determining the extent of interdependence.

In the case of South Africa-Mauritius, the only significant off-diagonal el-
ements are α12and β12. What this indicates is that, for the conditional co-
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variance equation, the constant term, lagged squared residuals and conditional
variance terms for Mauritius fall away. Contrastingly, the equivalent South
African terms retain significant explanatory power. That is, the co-variation in
returns between South Africa and Mauritius depends directly on the extent of
return volatility in the South African market, but not on that of the Mauritian
market. For South Africa-Nigeria, the only statistically significant off-diagonal
element is α12. This can be interpreted to mean that although the volatility
of the South African market directly affects the extent of covariance between
South Africa and Nigeria, this effect is not persistent enough to warrant the
inclusion of the South African lagged conditional variance term.

Having established a direct relationship between South African volatility and
the degree of co-variation between South Africa and other markets (especially
those of Mauritius and Nigeria), it may be beneficial to incorporate this property
into a Markov-switching framework. This would allow the volatility of the South
African market to directly affect the cross-correlation of returns, which may be
interpreted as evidence of a contagion effect during high-volatility periods. Table
12 presents the parameter estimates for the bivariate MV-SWARCH model. In
estimating these parameters, South Africa is assumed as the originator country,
so that the correlation coefficient can take on one of two values, depending on
the volatility state in which South Africa finds itself. This assumption is deemed
appropriate given the finding, under the BEK framework, that the conditional
covariance of returns between South Africa and other African markets can in
some instances depend directly on the conditional variance of returns in South
Africa.

Under the MV-SWARCH framework, the South Africa-Kenya and South
Africa-Mauritius market pairs exhibit similar behaviour in the correlation co-
efficient. For both pairs, the correlation coefficient is statistically insignificant
when South Africa is in the low-volatility state, but jumps to 0.11 and 0.08
respectively, when South Africa is in the high-volatility state. This may indi-
cate the presence of a contagion effect, in which high volatility periods in South
Africa, such as those during financial crises, are accompanied by increased inter-
linkages between international markets.

For the South Africa-Morocco pair, the relatively strong inter-linkages es-
tablished under the single-state models are maintained. When South Africa is
in the low-volatility state, ρ1 = 0.22 and is significant at the 1% level. When
South Africa moves to the high-volatility state, the correlation coefficient in-
creases to 0.37 and remains significant. In the South Africa-Nigerian case, ρ is
insignificant for both South African states.

In a formal test of whether the correlation coefficient remains constant be-
tween states, the MV-SWARCH models are re-estimated with the restriction ρ1
= ρ2. An LRT is then conducted, using the null hypothesis of one correlation
coefficient against the alternative of two. For each pair except that of South
Africa-Morocco, the null hypothesis is rejected at the 1% level of significance in
favour of the more flexible correlation coefficient. This suggests that contagion
effects, in which there is excess cross-correlation of returns during high-volatility
periods, are important for all country pairs except South Africa-Morocco.
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3.4 Risk reduction through diversification

Given the overall result that the correlation coefficients appear to increase dur-
ing South African high-volatility periods, it is expected that the benefit from
diversification between the market pairs will diminish relative to low-volatility
periods. Table 15 illustrates the extent of risk reduction from diversification for
each originator country state. Specifically, using portfolio weights of 0.5 (half
of wealth invested in each market),11 the risk reduction figure illustrates the
percentage decrease in the standard deviation of returns resulting from diversi-
fication when South Africa is in a low-volatility state, and when South Africa
is in a high-volatility state. The risk reduction percentage is calculated as (Li,
2009):

Riskreduction % = 100

[
σp − (

1

2
× σSA +

1

2
× σOTH)

]
/(
1

2
×σSA+

1

2
×σOTH)

(45)
where σp is the standard deviation of the diversified portfolio, and σSA

and σOTH are the standard deviations of the South African and other country
market indices, respectively. The test is executed by separating each sample
into a low-volatility and high-volatility period (based on South Africa only),
where an observation belongs to state 1 if p1 ≥ 0.5. Standard deviation figures
are then applied to each sample separately, and the benefit from diversification
is calculated for each South African volatility regime.

In all cases except South Africa-Mauritius, the benefit from diversification is
greater when South Africa is in the low-volatility state. For South Africa-Kenya,
the risk reduction benefits of diversification decrease by 22.98% when South
Africa is in the high-volatility state. For South Africa-Morocco, the extent of
the decrease in risk reduction benefit is 34.23%, while this decrease is only 3.01%
for South Africa-Nigeria. Overall, it appears that the benefits from pan-African
diversification are more strongly felt when South Africa is in the low-volatility
state, than otherwise. This is consistent with the observed increase in cross-
correlation coefficients when South Africa is in the high-volatility state, as well
as existing research (cf. Ramchand and Susmel, 1998; Susmel, 2000; Edwards
and Susmel, 2001).

3.5 Model selection: Portfolio optimisation

A noticeable feature of the CCC-GARCH and MV-SWARCH correlation coef-
ficients is that the former appear to be weighted averages of the latter. In the
South Africa-Kenya case, the CCC-GARCH produces the estimate ρ = 0.03.
The MV-SWARCH estimates are ρ1= 0 and ρ2= 0.14. Considering the fact
that, from the univariate analysis, the ergodic probability that South Africa is
in the high-volatility state is 21%, ρ can be calculated as (1-0.21)0 + (0.21)0.14
= 0.03 (rounded).

11This is consistent with Li (2009). The general result — that the benefits of diversification
tend to diminish during high volatility periods — is insensitive to the exact figure used.

28



Since the correlation coefficient is more flexible under the regime-switching
framework than the single-state models, it is plausible that the MV-SWARCH
produces better in-sample estimates and out-of-sample forecasts than its single-
state counterparts. For example, if two return series exhibit a low or insignificant
degree of co-variation for 70% of a sample, but a high and significant degree of co-
variation for the rest, a model that restricts the correlation coefficient to remain
constant will overestimate (underestimate) the conditional correlation of returns
during the low-volatility (high-volatility) state. Likewise, if the persistence in
the covariance of returns is better described by the persistence of different states
rather than an autoregressive dynamic, the MV-SWARCH model should provide
more reliable estimates of the conditional variances and covariance than the
BEK-GARCH model.

As the models considered here are not nested within each other, LRTs prove
to be an inappropriate measure of their comparative performance. Hence, fol-
lowing Ramchand and Susmel (1998) and Li (2009), the models presented are
subjected to a portfolio optimisation test. In particular, the variance-covariance
estimates obtained from each bivariate model are used to construct utility op-
timising, 2-element portfolios for a ‘typical’ risk-averse investor. Each model is
therefore associated with unique portfolio weights (w1 and w2). The portfolios
(and hence models) which exhibit the highest risk-adjusted returns (measured
by the Sharpe ratio under the assumption of a zero risk-free rate) are then
favoured over the others.

The results of the abovementioned test are presented in Table 16. In terms
of mean returns, the MV-SWARCH outperforms both the BEK-GARCH and
CCC-GARCH models. With respect to portfolio variances, the MV-SWARCH
model performs the worst, in general. According to the risk-adjusted returns,
the benefit of higher returns generally outweighs the cost of excess volatility,
as the MV-SWARCH model produces the highest Sharpe ratios. This pre-
liminary analysis of the portfolio optimisation results, while indicative of the
MV-SWARCH model’s superiority, does not provide conclusive evidence in its
favour. In order to establish statistical differences in the mean and variances
obtained, a simple z-test is used (cf. Li, 2009). If the differences are significant,
the assertion that the MV-SWARCH model outperforms the other two models
will gain additional credibility.

For South Africa-Kenya and South Africa-Nigeria, the MV-SWARCH pro-
duces higher returns than the CCC-GARCH model at the 5% and 1% lev-
els of significance, respectively (Table 17). Mean returns do not differ sig-
nificantly across these two models for the South Africa-Mauritius and South
Africa-Morocco pairs, however. With respect to the volatility of returns, the
MV-SWARCH produces higher portfolio variances for South Africa-Kenya and
South Africa-Mauritius at the 1% and 5% levels of significance, respectively.
For South Africa-Nigeria, the difference in portfolio variances is statistically in-
significant, while for South Africa-Morocco the MV-SWARCH portfolio shows
lower volatility than the CCC-GARCH portfolio at the 1% significance level.

On the basis of further z-tests reported in Table 17, the MV-SWARCH and
BEK-GARCH portfolios produce similar results. With respect to the South
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Africa-Mauritius and South Africa-Nigeria market pairs, neither the mean re-
turns nor the variance of returns from either portfolio exhibit statistically signifi-
cant differences. The strongest result in favour of the MV-SWARCH is for South
Africa-Morocco, in which both the mean return and variance are significantly
better (higher returns and lower volatility) than those of the BEK-GARCH
portfolio at the 1% level. For the South Africa-Kenya portfolios, both the mean
and variance of returns from the MV-SWARCH portfolio are significantly higher
than that of the BEK-GARCH portfolio.

In Figures 9 and 10, the weight differentials between the MV-SWARCH/CCC-
GARCH and MV-SWARCH/BEK-GARCH portfolios are presented for each
country. For example, the SWARCH-CCC series are derived by subtracting the
proportion of wealth stored in the South African market for the CCC-GARCH
portfolio (w1,CCC) from the proportion of wealth stored in the South African
market for the MV-SWARCH portfolio (w1,SW ). This weight differential then
gives an indication of how the MV-SWARCH achieves its advantage in terms of
risk-adjusted returns.

In Figure 9, the MV-SWARCH portfolio is shown to underweight the South
African market until 2008, following which it tends to overweight South Africa.
This pattern is clear for all the country pairs, excluding South Africa-Mauritius,
for which the MV-SWARCH tends to underweight the South African market
throughout the sample. Comparing the MV-SWARCH with the BEK-GARCH
portfolios (Figure 10), a roughly equal weighting is evident in the South African
market for South Africa-Mauritius. For the South Africa-Morocco and South
Africa-Kenya portfolios, the pattern is similar to those of Figure 9, in that
South Africa is underweighted prior to the global financial crisis, after which
South Africa tends to be overweighted by the MV-SWARCH model. In the case
of South Africa-Nigeria, the MV-SWARCH model favours the South African
market throughout the sample period, with an increase in favour around the
end of 2008.

Overall, the MV-SWARCH portfolios have generated excess returns through
increased exposure to the less developed and frontier markets during the low
volatility periods of pre-2008, while increasing the proportion of wealth held in
South Africa during, and in the wake of, the global financial crisis.

4 Conclusion

The primary goal of this paper was to establish whether accounting for struc-
tural changes through the use of Markov-switching models would improve esti-
mates and forecasts of stock return volatility within and across selected African
countries. A number of Markov-switching models of conditional variance were
tested against the benchmark single-state GARCH(1,1) model. The parameter
estimates of the simple MS and SWARCH(2,1) models strongly suggest the ex-
istence of a second regime. Furthermore, the estimated transition probabilities
confirmed the lower persistence associated with the high-volatility state. LRTs
indicated the superior fit of the simple MS over the standard AR(1) model, and
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the SWARCH(2,1) over the simple MS model. The simple MS model failed to
entirely capture the heteroscedasticity in all the series except that of Kenya.
Similarly, the SWARCH(2,1) failed to account for the heteroscedasticity in the
South African and Nigerian data. To address these issues, Dueker’s (1997)
MS-GARCH(2,1,1) and the single-state GARCH(1,1) models were considered.
Including a GARCH term in the Markov-switching framework weakened the
evidence in favour of a regime-switching conditional variance. In addition, the
MS-GARCH(2,1,1) model was able to fully account for the heteroscedasticity in
the data for all countries considered, while also providing a superior in-sample
fit to the GARCH(1,1) model for all countries except South Africa.

To complement the in-sample tests of model performance, various forecasting
tests suggest that the simple MS and SWARCH(2,1) models provide more accu-
rate forecasts than the MS-GARCH(2,1,1) and GARCH(1,1). Overall, models
with little or no autoregressive persistence tend to outperform the others. The
switch from a high- to low-volatility state immediately prior to the forecast win-
dow is a plausible reason for this outperformance. Specifically, the GARCH(1,1)
and MS-GARCH(2,1,1) models produce forecasts that are systematically too
high.

Using South Africa as originator country, bivariate parameter estimates were
generated for Kenya, Mauritius, Morocco and Nigeria in the multivariate analy-
sis. For the CCC-GARCH, the correlation coefficients for all country pairs were
significant and ranged mostly between 0.04 and 0.05. Morocco was the outlier
in this sense, with a relatively high correlation coefficient of 0.25. Estimation
of the BEK-GARCH suggested that in the South Africa-Mauritius and South
Africa-Nigeria cases, the South African lagged conditional variance estimate di-
rectly and positively affects the conditional covariance of returns. Given this
result, the MV-SWARCH model was characterised by a correlation coefficient
that switches between one of two values, depending on the volatility state of
South Africa. For all country pairs, the correlation coefficient was higher when
South Africa is in the high-volatility state. Restricting the correlation coeffi-
cients to be equal across regimes significantly reduced the explanatory power of
the model for all pairs consider. Restricting the number of primitive states to
two also significantly reduces the explanatory power of the model for each pair
considered, suggesting that the countries move at least partially independently
between states. When South Africa is in the high volatility state, moreover,
the benefits from portfolio diversification are diminished, except in the case of
South Africa-Mauritius. As a test of model performance, optimal portfolios
were constructed for a typical risk-averse investor. The MV-SWARCH portfolio
produces the most favourable risk-adjusted returns in each case. This outper-
formance is clear when compared to the CCC-GARCH portfolios, but less so
when compared to the BEK-GARCH portfolios.

Previous research on developed and developing financial markets show that
Markov-switching models can produce superior in-sample fit and better forecasts
of the conditional variance than many single-state models. In this paper, the em-
pirical results are less clear. In-sample performance tests favour the single-state
GARCH and MS-GARCH models over the simple MS and SWARCH models.
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Unlike the former two models, the latter two fail to capture the heteroscedastic-
ity in all the data series. This result points to the importance of conventional
GARCH effects in capturing time-varying volatility, and weakens the case for a
dominant Markov-switching element in the conditional variance of African stock
returns. In contrast, tests for equal predictive ability overwhelmingly favour the
simple MS and SWARCH models over the GARCH and MS-GARCH. A plausi-
ble hypothesis for this result is that, immediately prior to the forecast window,
most of the series analysed exited the high-volatility state. In this context, those
models that included a highly persistent GARCH term tended to overestimate
future conditional variance. Thus, although the simple MS and SWARCH mod-
els appear to be underspecified, they can provide more accurate and robust
forecasts than models including a GARCH term, especially during periods of
transition between states.

The bivariate analysis slightly favours the Markov-switching specification
over the two single-state alternatives. Higher Sharpe ratios produced by the
MV-SWARCH portfolio suggest a potential benefit from making use of this
model’s variance-covariance estimates in practice. While the outperformance of
the MV-SWARCH relative to the CCC-GARCH is clear, it is less so against the
BEK-GARCH. However, the diminished benefit from diversification when South
Africa is in a high-volatility state suggests that a state-varying characterisation
of the cross-correlation of returns is appropriate.

In sum, the use of Markov-switching variance and covariance models can
prove beneficial in some instances. The superior forecasts and risk-adjusted
returns obtained during the performance tests bear testament to this finding.
However, the inability of the simple MS and SWARCH models to fully capture
the evident heteroscedasticity, and the lack of a clear outperformer in the mul-
tivariate analysis, suggests that there is scope for further comparative research
in this field. In particular, more flexible Markov-switching specifications could
be considered, and these should be tested against a wider range of alternative
single-state models. Moreover, the inconsistency of in-sample and forecasting
performance should be further investigated, as this may point to problems with
over-fitting when conducting conventional GARCH analyses. Under the multi-
variate framework, the Markov-switching multivariate models presented cannot
plausibly be applied to high-dimensional systems. In this respect, there is a
clear need to restrict the number of parameters to be estimated in a way that
does not hinder the ability of the models to capture the important features of
the data.
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Table 1: Summary statistics 

 
 South Africa Kenya Nigeria Mauritius Morocco 

 
Mean 0.0419 (0.2666) 0.0671 (0.0187) 0.0286 (0.3538) 0.0704 (0.0042) 0.0365 (0.0989) 

Std. Dev. 1.9256 1.4570 1.5732 1.2578 1.1312 

Skewness -0.3265 (0.0000) -0.0740 (0.1231) -0.0055 (0.9093) 0.2557 (0.0000) -0.3069 (0.0000) 

Excess Kurtosis 4.6333 (0.0000) 9.3295 (0.0000) 4.8814 (0.0000) 12.5071 (0.0000) 3.7001 (0.0000) 

Jarque-Bera 2380.9871 (0.0000) 9467.8760 (0.0000) 2591.3647 (0.0000) 17040.1071 (0.0000) 1529.8540 (0.0000) 

Max 12.3531 {29/10/2008} 9.9037 {31/10/2008} 11.4496 {17/02/2003} 10.8626 {01/04/2009} 5.4950 {13/10/2008} 

Min -13.5659 {16/10/2008} -11.0232  {01/09/2003} -10.2154 {04/11/2003} -8.7257 {10/10/2008} -7.6987 {05/01/2009} 

LB (12) 33.9400 (0.0006) 299.6640 (0.0000) 424.7140 (0.0000) 66.4370 (0.0000) 113.7100 (0.0000) 

LB2 (12) 1824.2290 (0.0000) 863.5790 (0.0000) 605.7260 (0.0000) 540.2450 (0.0000) 498.9970 (0.0000) 

Note: Values in round brackets denote p-values, while values in curly brackets denote dates. 

 

 

Table 2: Likelihood ratio tests: Normal vs. Student’s t errors 

 
 South Africa Kenya Mauritius Morocco Nigeria 

Null: GARCH(1,1) Normal, Alt: GARCH(1,1) Student’s t (1 df) 

LR 35.4962*** 600.9794*** 626.551*** 144.6888*** 124.7242*** 

Null: Simple MS Normal, Alt: Simple MS Student’s t (1 df) 

LR 27.8202*** 70.7264*** 148.7704*** 20.4786*** 47.685*** 

Null: SWARCH(2,1) Normal, Alt SWARCH(2,1) Student’s t (1 df) 

LR 26.1300*** 83.5708*** 152.6250*** 35.2784*** 45.1106*** 

Null: MS-GARCH(2,1,1) Normal, Alt: MS-GARCH(2,1,1) Student’s t (1 df) 

LR 11.9340*** 78.0072*** 56.2530*** 5.4460** 24.8694*** 

Note: p < 0.001 ***, p < 0.05**. 

 

Table 3: Likelihood ratio tests: GARCH model 

 
 South 

Africa 

Kenya Mauritius Morocco Nigeria 

Null: I-GARCH(1,1), Alt: GARCH(1,1) (1 df) 

LR 5.4632** 0.7984 3.0664 13.9298*** 5.4826** 

Null: GARCH(1,1), Alt: GARCH(1,1) with asymmetry (1 df) 

LR 35.9270*** 0.0058 0.6252 2.3076 0.0630 

Note: p < 0.001***, p < 0.05**. 
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Table 4: Likelihood ratio tests and Davies (1987) upper-bound tests: SWARCH and MS-

GARCH models 

 
 South Africa Kenya Mauritius Morocco Nigeria 

Null: SWARCH(2,1), Alt: SWARCH(2,1) with asymmetry (1 df) 

LR 4.8392** 0.6692 0.0234 1.4798 0.8466 

Null: SWARCH(2,1), Alt: SWARCH(2,2) (1 df) 

LR 31.2472*** 23.3172*** 26.9444*** 12.218*** 13.0546*** 

Null: SWARCH (2,2), Alt: SWARCH(2,4) (2 df) 

LR 30.2682*** 18.2344*** 5.4456 -19.9826 33.994*** 

Null: SWARCH(2,1), Alt: MS-GARCH (2,1,1) (1 df) 

LR 90.5960*** 30.5666*** 27.1968*** 28.5138*** 32.6368*** 

Null: SWARCH(2,2), Alt: MS-GARCH(2,1,1) (1 df) 

LR 59.3488*** 7.2494*** 0.2524 16.2958*** 19.5822*** 

Null: GARCH(1,1), Alt:MS-GARCH(2,1,1) Student (q = 3) 

LR 1.8528 27.0952*** 49.2158*** 18.4608*** 24.3326*** 

Davi

es 

0.7389 0.0001 0.0000 0.0033 0.0003 

Null: SWARCH(2,1), Alt: SWARCH(3,1) (q=3) 

LR 52.5928*** 41.0488*** 50.711*** 34.671*** 39.2764*** 

Davi

es 

0.0000 0.0000 0.0000 0.0000 0.0000 

 

Note: For the Davies (1987) test, q indicates the number of parameters present only under the alternative (analogous to degrees of 

freedom (df) for the conventional LRT). For models which have an equal number of states, *** indicates a significant LR statistic at 

the 1% level, and ** indicates significance at the 5% level. For models with differing numbers of states, an upper-bound on the actual 

level of significance is given (Davies, 1987).    
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Table 5: Single-state univariate models 
 

South Africa Kenya Mauritius Morocco Nigeria 

AR(1) 
     

a0 0.1005 
(0.0027) 

0.0559 
(0.0024) 

0.0630 
(0.0088) 

0.0360 
(0.0514) 

0.0054 
(0.8194) 

a1 0.0200 

(0.2297) 

0.2206 

(0.0000) 

0.1061 

(0.0000) 

0.1586 

(0.0000) 

0.4048 

(0.0000) 

ω 3.8268 

(0.0000) 

4.4823 

(0.0121) 

1.5644 

(0.0000) 

1.3037 

(0.0000) 

2.2809 

(0.0000) 

ν 4.0279 
(0.0000) 

2.2629 
(0.0000) 

2.0025 
(0.0000) 

3.9575 
(0.0000) 

3.5493 
(0.0000) 

Log-likelihood 
-5236.4721 -4091.7263 -3641.7143 -3822.2070 -4469.8039 

GARCH(1,1) 
     

a0 0.1196 

(0.0000) 

0.0537 

(0.0016) 

0.0362 

(0.0073) 

0.04852 

(0.0070) 

-0.0010 

(0.9616) 

a1 0.0255 

(0.2030) 

0.2477 

(0.0000) 

0.0779 

(0.0002) 

0.1443 

(0.0000) 

0.3532 

(0.0000) 

ω 

 

0.0499 

(0.0018) 

0.2764 

(0.0000) 

0.1156 

(0.0002) 

0.0564 

(0.0028) 

0.1628 

(0.0000) 

α1 0.0802 
(0.0000) 

0.3905 
(0.0000) 

0.3910 
(0.0000) 

0.0963 
(0.0000) 

0.2607 
(0.0000) 

β1 0.9058 

(0.0000) 

0.5646 

(0.0000) 

0.6950 

(0.0000) 

0.8605 

(0.0000) 

0.6856 

(0.0000) 

ν 10.7346 

(0.0000) 

3.2818 

(0.0000) 

2.7730 

(0.0000) 

5.6115 

(0.0000) 

5.8099 

(0.0000) 

Log-likelihood 
-5035.8510 -3910.3631 -3448.9863 -3730.0275 -4289.9170 

GARCH(1,1) with 

asymmetry      

a0 0.0803 

(0.0067) 

0.0540 

(0.0024) 

0.0350 

(0.0106) 

0.0445 

(0.0152) 

0.0003 

(0.9892) 

a1 0.0295 

(0.1365) 

0.2475 

(0.0000) 

0.0779 

(0.0000) 

0.1453 

(0.0000) 

0.3534 

(0.0000) 

ω 0.0657 
(0.0001) 

0.2759 
(0.0000) 

0.1145 
(0.0003) 

0.0603 
(0.0063) 

0.1630 
(0.0000) 

α1 0.0146 

(0.1839) 

0.3928 

(0.0000) 

0.3609 

(0.0000) 

0.0817 

(0.0002) 

0.2658 

(0.0000) 

β1 0.9065 
(0.0000) 

0.5652 
(0.0000) 

0.6976 
(0.0000) 

0.8554 
(0.0000) 

0.6854 
(0.0000) 

λ 0.1112 

(0.0000) 

-0.0053 

(0.9410) 

0.0541 

(0.4354) 

0.0331 

(0.1670) 

-0.0105 

(0.8071) 

ν 12.6148 

(0.0000) 

3.2816 

(0.0000) 

2.7771 

(0.0000) 

5.5936 

(0.0000) 

5.8146 

(0.0000) 

Log-likelihood 
-5017.8875 -3910.3602 -3448.6737 -3728.8737 -4289.8855 

I-GARCH(1,1) 
     

a0 0.1212 
(0.0000) 

0.0539 
(0.0008) 

0.0372 
(0.0044) 

0.0501 
(0.0039) 

-0.0042 
(0.8393) 

a1 0.0247 

(0.2217) 

0.2470 

(0.0000) 

0.0793 

(0.0001) 

0.1427 

(0.0000) 

0.3520 

(0.0000) 

ω 0.0271 

(0.0028) 

0.2808 

(0.0000) 

0.1088 

(0.0000) 

0.0262 

(0.0068) 

0.1361 

(0.0000) 

α1 0.0877 
(0.0000) 

0.4336 
(0.0000) 

0.3042 
(0.0000) 

0.1113 
(0.0000) 

0.3090 
(0.0000) 

β1 0.9123 

(0.0000) 

0.5664 

(0.0000) 

0.6958 

(0.0000) 

0.8887 

(0.0000) 

0.6910 

(0.0000) 

ν 9.5117 

(0.0000) 

3.1294 

(0.0000) 

3.0416 

(0.0000) 

4.7909 

(0.0000) 

5.1105 

(0.0000) 

Log-likelihood 
-5038.5826 -3910.7623 -3450.5195 -3736.9924 -4292.6583 

Note: Figures in brackets denote p-values. 

40



 
 

Table 6: Markov-switching univariate models 

 
 South Africa Kenya Mauritius Morocco Nigeria 

Simple MS      

a0 0.1061      

(0.0002) 

0.0535          

(0.0018) 

0.0374         

(0.0036) 

0.0434         

(0.0000) 

0.0045         

(0.8239) 

a1 0.0233        

(0.1969) 

0.2410         

(0.0000) 

0.06950         

(0.0001) 

0.1420         

(0.0000) 

0.3505         

(0.0000) 

ω1 2.0169         

(0.0000) 

0.6717         

(0.0000) 

0.4653          

(0.0000) 

0.8065         

(0.0000) 

0.8642         

(0.0000) 

ω2 10.0133       
(0.0000) 

6.8034         
(0.0000) 

4.1535         
(0.0000) 

3.8725         
(0.0000) 

4.6894          
(0.0000) 

ν 11.1383       

(0.0000) 

5.5828          

(0.0000) 

3.5848          

(0.0000) 

7.0964         

(0.0000) 

8.1843          

(0.0000) 

P(1,1), P(1,2) 0.9953, 0.0183 0.9652, 0.1277 0.9716, 0.0614 0.9896, 0.0600 0.9749, 0.0518 

Log-likelihood -5081.4914 -3940.2773 -3475.7438 -3746.0095 -4321.8238 

SWARCH(2,1)      

a0 0.1084        

(0.0002) 

0.0517         

(0.0014) 

0.0299         

(0.0215) 

0.0431         

(0.0172) 

-0.0022         

(0.9139) 

a1 0.0243         

(0.2133) 

0.2553         

(0.0000) 

0.0729         

(0.0001) 

0.1365          

(0.0000) 

0.3588         

(0.0000) 

ω 1.9396       

(0.0000) 

0.5910          

(0.0000) 

0.4434         

(0.0000) 

0.7878         

(0.0000) 

0.6910          

(0.0000) 

α1 0.0334       
(0.1302) 

0.3691          
(0.0000) 

0.3650          
(0.0000) 

0.1375         
(0.0002) 

0.2284          
(0.0000) 

ν 11.3358       
(0.0000) 

3.7721         
(0.0000) 

3.2385          
(0.0000) 

6.1539          
(0.0000) 

7.7246         
(0.0000) 

γ2 4.8858         

[7.9847] 

4.2719         

[6.1012] 

6.0967         

[5.1802] 

4.7575         

[4.7463] 

4.2808         

[5.4509] 

P(1,1), P(1,2) 0.9953, 0.0176 0.9876, 0.0192 0.9885, 0.0230 0.9962, 0.0317 0.9793, 0.0307 

Log-likelihood -5080.2226 -3912.0988 -3437.9768 -3735.0540 -4294.0691 

MS-GARCH(2,1,1)      

a0 0.1186       

(0.0000) 

0.0522         

(0.0012) 

0.0303           

(0.0134) 

0.0495          

(0.0058) 

-0.0066          

(0.7466) 

a1 0.0261          

(0.2036) 

0.2517         

(0.0000) 

0.0781          

(0.0000) 

0.1404          

(0.0000) 

0.3604          

(0.0000) 

ω 0.0430        
(0.0011) 

0.2815         
(0.0000) 

0.2013         
(0.0004) 

0.0163         
(0.0302) 

0.1704         
(0.0000) 

α1 0.0699        
(0.0000) 

0.3335          
(0.0000) 

0.4431         
(0.0000) 

0.0739         
(0.0001) 

0.2511           
(0.0000) 

β1 0.9162        

(0.0000) 

0.4401         

(0.0000) 

0.3850         

(0.0004) 

0.9035         

(0.0000) 

0.6152          

(0.0000) 

γ2 4.6765        

[1.2583] 

3.0918          

[2.9688] 

3.9458           

[2.5668] 

3.6569         

[1.5742] 

2.5805         

[3.1006] 

ν 12.0058       

(0.0000) 

3.6358         

(0.0000) 

2.9173         

(0.0000) 

15.2990          

(0.0138) 

6.3384         

(0.0000) 
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P(1,1), P(1,2) 0.9987, 0.0294 0.9939, 0.0089 0.9966, 0.0032 0.8940, 0.3094 0.9981, 0.0017 

Log-likelihood -5034.9246 -3896.8155 -3424.3784 -3720.7971 -4277.7507 

SWARCH(2,1) with 

asymmetry 

     

a0 0.1036          

(0.0008) 

0.0491         

(0.0028) 

0.0301         

(0.0235) 

0.0400         

(0.0195) 

0.0018         

(0.9301) 

a1 0.0268        

(0.2098) 

0.2569         

(0.0000) 

0.0729         

(0.0002) 

0.1380         

(0.0000) 

0.3587         

(0.0000) 

ω 1.9492         
(0.0000) 

0.5779          
(0.0000) 

0.4430          
(0.0000) 

0.7860         
(0.0000) 

0.7015         
(0.0000) 

α1 -0.0128        
(0.6054) 

0.3301         
(0.0001) 

0.3731         
(0.0000) 

0.1033         
(0.0164) 

0.2575         
(0.0000) 

λ  0.0847       

(0.0298) 

0.0806         

(0.4231) 

-0.0166          

(0.8723) 

0.0737         

(0.2065) 

-0.0630        

(0.3479) 

ν  11.2177      

(0.0000) 

3.7804          

(0.0000) 

3.2386         

(0.0000) 

6.1632         

(0.0000) 

7.6934          

(0.0000) 

γ2 4.9064       

[8.0679] 

4.2953         

[5.8769] 

6.0973         

[5.1678] 

4.6487         

[4.6916] 

4.3018         

[5.5830] 

P(1,1), P(1,2) 0.9955, 0.0171 0.9877, 0.0193 0.9886, 0.0230 0.9962, 0.0313 0.9800, 0.0311 

Log-likelihood -5077.8030 -3911.7642 -3437.9651 -3734.3141 -4293.6458 

SWARCH(2,2)      

a0 0.1107         

(0.0001) 

0.0502         

(0.0036) 

0.0265         

(0.0494) 

0.0439         

(0.0091) 

-0.0062        

(0.7526) 

a1 0.02851      
(0.1622) 

0.2590         
(0.0000) 

0.0788         
(0.0000) 

0.1418         
(0.0000) 

0.3666         
(0.0000) 

Ω 1.6946        

(0.0000) 

0.5476         

(0.0000) 

0.3485         

(0.0000) 

0.7614         

(0.0000) 

0.5789         

(0.0000) 

α1 0.0398        

(0.0723) 

0.3543         

(0.0000) 

0.4419         

(0.0000) 

0.1477         

(0.0000) 

0.2533         

(0.0000) 

α2 0.1242        

(0.0002) 

0.1404         

(0.0001) 

0.1793         

(0.0003) 

0.0692          

(0.0100) 

0.0957         

(0.0000) 

ν  12.5015        

(0.0000) 

3.6586         

(0.0000) 

2.9592         

(0.0000) 

5.7938         

(0.0000) 

6.9651         

(0.0000) 

γ2 4.6604       
[7.0726] 

3.5800         
[4.8143] 

4.1942         
[5.0640] 

4.8564         
[4.0852] 

3.6243         
[4.7850] 

P(1,1), P(1,2) 0.9955, 0.0167 0.9915, 0.0126 0.9951, 0.0043 0.9982, 0.0199 0.9850, 0.0144 

Log-likelihood -5064.5990 -3900.4402 -3424.5046 -3728.9450 -4287.5418 

SWARCH(2,4)      

a0 0.1174          

(0.0000) 

0.0533         

(0.0009) 

0.0292          

(0.0248) 

0.0495         

(0.0059) 

-0.0093         

(0.6101) 

a1 0.0325          

(0.0894) 

0.2495         

(0.0000) 

0.0790          

(0.0000) 

0.1435          

(0.0000) 

0.3601         

(0.0000) 

Ω 1.4124       

(0.0000) 

0.5215         

(0.0000) 

0.3281         

(0.0000) 

0.3787         

(0.0468) 

0.4877         

(0.0000) 

α1 0.0340        

(0.0949) 

0.3569         

(0.0000) 

0.4404          

(0.0000) 

0.1962          

(0.0004) 

0.2900         

(0.0000) 

42



 
 

α2 0.1326        

(0.0000) 

0.1274         

(0.0003) 

0.1685          

(0.0000) 

0.1260         

(0.0003) 

0.0916          

(0.0006) 

α3 0.0851          
(0.0013) 

0.0895         
(0.0033) 

0.0358         
(0.2212) 

0.0797         
(0.0126) 

0.1341         
(0.0000) 

α4 0.0836         
(0.0009) 

-0.0095        
(0.0000) 

0.0301           
(0.2434) 

0.1047           
(0.0001) 

0.0833          
(0.0041) 

ν  12.7926        

(0.0000) 

3.6602         

(0.0000) 

2.9506         

(0.0000) 

7.2066         

(0.0021) 

6.1362         

(0.0000) 

γ2 4.3207         

[6.0742] 

3.2061         

[4.2333] 

4.0899         

[4.8403] 

2.3788         

[1.1219] 

2.7563         

[6.3411] 

P(1,1), P(1,2) 0.9966, 0.0125 0.9931, 0.0098 0.9955, 0.0038 0.5440, 0.5272 0.9980, 0.0018 

Log-likelihood -5049.4649 -3891.3230 -3421.7818 -3738.9363 -4270.5448 

SWARCH(3,1)      

a0 0.1179          

(0.0000) 

0.0544         

(0.0016) 

0.0288          

(0.0157) 

0.0507          

(0.0056) 

-0.0038        

(0.8529) 

a1 0.0247           
(0.2216) 

0.2519         
(0.0000) 

0.0717         
(0.0001) 

0.1370         
(0.0000) 

0.3557         
(0.0000) 

ω 1.0397          
(0.0000) 

0.4873         
(0.0000) 

0.3367         
(0.0000) 

0.5516         
(0.0000) 

0.5782          
(0.0000) 

α1 0.0122        

(0.5543) 

0.1801         

(0.0003) 

0.3992         

(0.0000) 

0.1131         

(0.0002) 

0.1951         

(0.0000) 

ν  15.7817         

(0.0000) 

4.8455          

(0.0000) 

3.0490          

(0.0000) 

7.0255          

(0.0000) 

8.6315         

(0.0000) 

γ2 2.3932         

[8.0569] 

3.0484         

[5.1728] 

3.1538           

[5.3169] 

1.8448         

[6.7621] 

2.5614         

[5.5090] 

γ3 10.6663       

[7.6744] 

21.3264        

[4.0682] 

11.6310         

[4.4165] 

7.5027          

[4.9245] 

8.7216           

[5.4242] 

P(1,1), 

P(1,2), 

P(1,3) 

0.9818, 

0.0063, 

0.0000 

0.9843, 

0.0153, 

0.0221 

0.9943, 

0.0035, 

0.0041 

0.9962, 

0.0000, 

0.0142 

0.9880, 

0.0060, 

0.0124 

P(2,1), 

P(2,2), 

P(2,3) 

0.0181, 

0.9881, 

0.0206 

0.0099, 

0.9703, 

0.0822 

0.0035, 

0.9950, 

0.0052 

0.0038, 

0.9947, 

0.0196 

0.0087, 

0.9853, 

0.0198 

Log-likelihood -5053.9262 -3891.5744 -3412.6213 -3717.7185 -4274.4309 

 

Note: Figures in round brackets represent p-values. Figures in square brackets are normally distributed Wald test statistics associated 

with the null hypotheses      (when displayed below an estimate of γ2) or       (when displayed below an estimate of γ3). 
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Table 7: Likelihood ratio tests and Davies (1987) upper-bound tests: Simple MS model 

 
 South Africa Kenya Mauritius Morocco Nigeria 

Null: AR(1), Alt: Simple MS (q = 3) 

LR 309.9614*** 

 

302.898*** 

 

331.941*** 

 

152.395*** 

 

295.9602*** 

 

Davies  0.0000 0.0000 0.0000 0.0000 0.0000 

Null: Simple MS, Alt: SWARCH(2,1) (1 df) 

LR 2.5376 

 

56.357*** 

 

75.534*** 

 

21.911*** 

 

55.5094** 

 

Null: Simple MS, Alt: MS-GARCH (2,1,1) (2 df) 

LR 93.1336*** 

 

86.9236*** 

 

102.7308*** 

 

50.4248*** 

 

88.1462*** 

 

Note: For the Davies (1987) test, q indicates the number of parameters present only under the alternative (analogous to degrees of 

freedom (df)for the conventional LRT). For models which have an equal number of states, *** indicates a significant LR statistic at the 

1% level, and ** indicates significance at the 5% level. For models with differing numbers of states, an upper-bound on the actual 

level of significance is given (Davies, 1987). 

 

 

Table 8: Ljung-Box Q-tests 

 
 GARCH(1,1) Simple MS SWARCH(2,1) MS-GARCH(2,1,1) 

South Africa 

LB2 (12) 8.9857    90.9840*** 86.8657*** 7.6559 

Kenya 

LB2 (12) 2.3224   12.4464 6.3500 1.7387 

Mauritius 

LB2 (12) 7.5714   40.2419*** 11.7549 12.2728 

Morocco 

LB2 (12) 17.9991 24.9757** 6.8069 12.8947 

Nigeria 

LB2 (12) 15.2056 143.7105*** 43.2551*** 9.4645 

Note: Ljung-Box Q-statistics at 12 lags for the squared standardised residuals (LB2 (12)). p< 0.01***, p < 0.05**. 
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Table 9: Forecast errors 

 
 GARCH(1,1) Simple MS SWARCH(2,1) MS-GARCH(2,1,1) 

South Africa 

1 day 2.21; 11.91 2.05; 11.12 2.08; 11.34 2.24; 12.01 

1 week 2.27; 12.40 2.15; 11.68 2.16; 11.75 2.32; 12.56 

3 weeks 2.58; 16.37 2.54; 15.95 2.55; 16.03 2.69; 16.67 

Kenya 

1 day 1.71; 7.75 1.76; 7.72 1.61; 7.83 1.74; 7.92 

1 week 2.42; 10.03 1.96; 7.55 2.17; 8.34 2.47; 10.30 

3 weeks 3.66; 15.38 1.87; 5.96 2.31; 7.95 3.36; 14.29 

Mauritius 

1 day 0.68; 0.62 0.70; 0.72 0.63; 0.59 0.87; 1.09 

1 week 1.54; 2.74 0.91; 0.99 1.17; 1.79 2.60; 8.54 

3 weeks 6.30; 41.63 1.22; 1.61 1.90; 4.09 7.97; 90.55 

Morocco 

1 day 0.84; 1.46 0.89; 1.52 0.88; 1.48 0.86; 1.46 

1 week 0.93; 1.93 0.97; 1.90 0.97; 1.89 0.99; 2.02 

3 weeks 1.16; 4.10 1.19; 4.09 1.17; 4.08 1.33; 4.41 

Nigeria 

1 day 1.03; 1.63 1.07; 1.65 1.04; 1.69 0.98; 1.58 

1 week 1.27; 2.13 1.21; 1.93 1.27; 2.11 1.14; 1.88 

3 weeks 1.71; 3.31 1.43; 2.43 1.52; 2.71 1.34; 2.33 

Note: Tables C1-C5 present mean absolute forecast errors (MAE) and mean squared forecast errors (MSE) at the 1 day, 1 week (5 

trading days) and 3 week (15 trading days) horizons. Each cell contains two figures separated by a semi-colon. The figure on the left 

is the MAE and the figure on the right is the MSE. 

 

 

Table 10: Diebold-Mariano (1995) test 

 
 South Africa Kenya Mauritius Morocco Nigeria 

GARCH/Simple MS     

1 day 4.5711*** -1.1208 -0.9825 -3.3181*** -1.8583** 

1 week 3.8233*** 6.6449*** 19.0403*** -3.1939*** 3.8999*** 

3 weeks 1.4160* 15.5154*** 39.6069*** -2.0714** 12.8162*** 

GARCH/SWARCH     

1 day 3.5872*** 1.2882 2.5015*** -1.5952* -0.2554 

1 week 3.6772*** 4.4948*** 11.9898*** -2.7572*** 0.2233 

3 weeks 0.9640 14.0176*** 47.1087*** -0.9155 11.5176*** 

Note: Tables C6 and C7 present t-statistics associated with the Diebold-Mariano (1995) test statistic. Positive t-statistics indicate that 

Model Y produces the superior forecasts, whereas a negative t-statistic indicates that Model X produces the superior forecasts (where 

the table headings are denoted Model X/Model Y). Since p-values are not calculated directly, ***indicates that the statistic is 

significant at the 1% level, **indicates that the statistic is significant at the 5% level, and * indicates that the statistic is significant at 

the 10% level. 
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Table 11: Clarke and West (2007) test 

 
 South Africa Kenya Mauritius Morocco Nigeria 

MS-GARCH/GARCH 

1 day 0.1896 0.8258 0.0039 0.1762 0.1372 

1 week 0.1259 0.2818 0.0000 0.3570 0.4435 

3 weeks 0.0868 0.6515 0.0000 0.2905 0.1226 

MS-GARCH/Simple MS 

1 day 0.1531 0.8081 0.2502 0.4988 0.2043 

1 week 0.0992 0.9336 0.0000 0.1395 0.0658 

3 weeks 0.9992 0.0561 0.0000 0.3199 0.1568 

MS-GARCH/SWARCH 

1 day 0.1614 0.5467 0.0092 0.5906 0.6494 

1 week 0.0973 0.9765 0.0000 0.1315 0.3043 

3 weeks 0.9305 0.2769 0.0000 0.2379 0.6987 

SWARCH/Simple MS 

1 day 0.4325 0.6828 0.3873 0.6048 0.2835 

1 week 0.2631 0.8670 0.0593 0.2494 0.0082 

3 weeks 0.1537 0.0726 0.0004 0.5523 0.0000 

Note: Figures presented are p-values associated with the Clarke and West (2007) slope coefficient. If p< 0.1, the larger of the two 

models produces the more accurate forecasts. Table headings are denoted Model X/Model Y, where model Y is nested by model X. 

 

Table 12: MV-SWARCH(2,1) estimates 

 
 SA Kenya SA Mauritius SA Morocco SA Nigeria 

a0 0.1271 

(0.0000) 

0.0509 

(0.0016) 

0.1224 

(0.0001) 

0.0314 

(0.0337) 

0.1178 

(0.0001) 

0.0551 

(0.0031) 

0.1169 

(0.0000) 

0.0104 

(0.6268) 

a1 0.0137 

(0.4844) 

0.2521 

(0.0000) 

0.0140 

(0.5152) 

0.0813 

(0.0001) 

0.0170 

(0.3372) 

0.1449 

(0.0000) 

0.0233 

(0.2048) 

0.3462 

(0.0000) 

ω 1.9464 

(0.0000) 

0.6289 

(0.0000) 

1.8433 

(0.0000) 

0.2997 

(0.0000) 

1.8507 

(0.0000) 

0.6733 

(0.0000) 

1.7369 

(0.0000) 

0.9314 

(0.0000) 

α1 0.0362 

(0.1379) 

0.2177 

(0.0000) 

0.0377 

(0.1597) 

0.2228 

(0.0000) 

0.0398 

(0.0482) 

0.1712 

(0.0000) 

0.0707 

(0.0086) 

0.2689 

(0.0000) 

γ2 4.5129 9.1885 4.3696 8.0604 5.3834 3.9406 4.6223 4.7827 

ρ1 0.0155 
(0.5795) 

0.0265 
(0.3579) 

0.2229 
(0.0000) 

0.0360 
(0.1718) 

ρ2 0.1110 

(0.0023) 

0.0855 

(0.0471) 

0.3736 

(0.0000) 

0.0278 

(0.5374) 

ν 7.6170 

(0.0000) 

6.5755 

(0.0000) 

9.6737 

(0.0000) 

10.3663 

(0.0000) 

P(1,1), P(1,2), 

P(1,3), P(1,4) 

0.9825, 0.0000, 

0.0101, 0.1305 

0.9728, 0.0634,  

0.0227, 0.0000 

0.9921, 0.0749, 

0.0000, 0.0000 

0.9904, 0.0428, 

0.0214, 0.0000 

P(2,1), P(2,2), 

P(2,3), P(2,4) 

0.0123, 0.8494, 
0.0326, 0.0000 

0.0000, 0.8341,     
0.2263, 0.0000 

0.0000, 0.0435, 
0.5393, 0.0000 

0.0000, 0.0893, 
0.0116, 0.5112 

P(3,1), P(3,2), 

P(3,3), P(3,4) 

0.0052, 0.0000, 
0.9573, 0.0552 

0.0232, 0.1025,      
0.7510, 0.0128 

0.0072, 0.8680, 
0.4607, 0.0186 

0.0049, 0.0000, 
0.9670, 0.0185 

Log-likelihood -9045.8158 -8551.9244 -8701.6057 -9418.5263 
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Table 13: CCC-GARCH (1,1) estimates 
 

 SA Kenya SA Mauritius SA Morocco SA Nigeria 

a0 0.1372 

(0.0000) 

0.0564 

(0.0021) 

0.1355 

(0.0000) 

0.0399 

(0.0091) 

0.1204 

(0.0001) 

0.0512 

(0.0053) 

0.1221 

(0.0000) 

0.0065 

(0.7616) 

a1 0.0136 

(0.4927) 

0.2549 

(0.0000) 

0.0140 

(0.4824) 

0.0911 

(0.0001) 

0.0193 

(0.3495) 

0.1406 

(0.0000) 

0.0192 

(0.3422) 

0.3451 

(0.0000) 

ω 0.0500 

(0.0088) 

0.1980 

(0.0000) 

0.0579 

(0.0027) 

0.0668 

(0.0000) 

0.0616 

(0.0012) 

0.0571 

(0.0017) 

0.0535 

(0.0027) 

0.1477 

(0.0000) 

α1 0.0897 

(0.0000) 

0.2863 

(0.0000) 

0.0880 

(0.0000) 

0.2323 

(0.0000) 

0.0832 

(0.0000) 

0.0908 

(0.0000) 

0.0847 

(0.0000) 

0.2396 

(0.0000) 

β1 0.9095 

(0.0000) 

0.6019 

(0.0000) 

0.9116 

(0.0000) 

0.7259 

(0.0000) 

0.9024 

(0.0000) 

0.8584 

(0.0000) 

0.9028 

(0.0000) 

0.7001 

(0.0000) 

ρ 0.0401 

(0.0689) 

0.0472 

(0.0359) 

0.2490 

(0.0000) 

0.0363 

(0.0841) 

ν 5.4131 

(0.0000) 

4.8564 

(0.0000) 

7.9629 

(0.0000) 

9.2714 

(0.0000) 

Log-likelihood -8995.0931 -8552.9897 -8688.7928 -9343.8190 

 

Table 14: BEK-GARCH (1,1) estimates 
 

 SA Kenya SA Mauritius SA Morocco SA Nigeria 

a0 0.1370 

(0.0000) 

0.0544 

(0.0025) 

0.1325 

(0.0000) 

0.0442 

(0.0018) 

0.1231 

(0.0001) 

0.0479 

(0.0137) 

0.1181 

(0.0001) 

0.0141 

(0.5274) 

a1 0.0042 

(0.8325) 

0.2567 

(0.0000) 

-0.0012 

(0.9546) 

0.0933 

(0.0000) 

0.0247 

(0.2029) 

0.1411 

(0.0000) 

0.0081 

(0.7064) 

0.3481 

(0.0000) 

ω11 0.1960 

(0.0000) 

0.1959 

(0.0000) 

-0.2131 

(0.0000) 

0.1892 

(0.0000) 

ω21 0.0190 

(0.8617) 

0.0891 

(0.2551) 

0.0255 

(0.7137) 

-0.0821 

(0.3676) 

ω22 0.4818 

(0.0000) 

0.2775 

(0.0000) 

0.2449 

(0.0000) 

0.4078 

(0.0000) 

α11 0.2335 

(0.0000) 

0.2210 

(0.0000) 

0.2573 

(0.0000) 

0.2252 

(0.0000) 

α12 -0.0007 

(0.9766) 

0.0624 

(0.0053) 

0.0227 

(0.3316) 

-0.0310 

(0.0401) 

α21 0.0003 
(0.9898) 

0.0131 
(0.6622) 

-0.0691 
(0.1013) 

-0.0178 
(0.4468) 

α22 0.5322 

(0.0000) 

0.4757 

(0.0000) 

0.2637 

(0.0000) 

0.4839 

(0.0000) 

β11 0.9707 
(0.0000) 

0.9736 
(0.0000) 

0.9567 
(0.0000) 

0.9689 
(0.0000) 

β12 0.0046 

(0.5735) 

-0.0178 

(0.0039) 

-0.0041 

(0.6348) 

0.0076 

(0.2191) 

β21 -0.0033 
(0.8507) 

0.0110 
(0.5261) 

0.0399 
(0.1112) 

0.0218 
(0.1695) 

β22 0.7642 

(0.0000) 

0.8369 

(0.0000) 

0.9345 

(0.0000) 

0.8318 

(0.0000) 

ν 5.2410 

(0.0000) 

4.7743 

(0.0000) 

7.8460 

(0.0000) 

8.8148 

(0.0000) 

Log-likelihood -9019.2003 -8574.1463 -8691.7959 -9366.1990 
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Table 15: Risk reduction (%) 
 

 South Africa-

Kenya 

South Africa-

Mauritius 

South Africa-

Morocco 

South Africa-

Nigeria 

South Africa in low volatility 30.0604 36.8566 22.0605 28.3835 

South Africa in high volatility state 23.1527 38.0389 14.5083 27.5283 

 

 

Table 16: Portfolio optimisation test 
 
 South Africa-Kenya South Africa-Mauritius South Africa-Morocco South Africa-Nigeria 

Model MV-

SWARCH 

CCC-

GARCH 

BEK-

GARCH 

MV-

SWARCH 

CCC-

GARCH 

BEK-

GARCH 

MV-

SWARCH 

CCC-

GARCH 

BEK-

GARCH 

MV-

SWARCH 

CCC-

GARCH 

BEK-

GARCH 

Mean return 0.0590 0.0373 0.0367 0.0643 0.0590 0.0601 0.0508 0.0346 0.0348 0.0502 0.0435 0.0427 

Variance 1.4785 1.2016 1.2192 1.1868 1.1340 1.1613 1.0212 1.1144 1.1201 1.3421 1.3009 1.3064 

Sharpe Ratio 0.0484 0.0340 0.0332 0.0590 0.0554 0.0558 0.0502 0.0328 0.0329 0.0433 0.0382 0.0373 

 

 

Table 17: Li’s (2009) test statistics 

 
 South Africa-Kenya 

 

South Africa-Mauritius South Africa-Morocco South Africa-Nigeria 

Model Pair SWARCH/CCC SWARCH/BEK SWARCH/CCC SWARCH/BEK SWARCH/CCC SWARCH/BEK SWARCH/CCC SWARCH/BEK 

z1 1.9068** 1.9583** 0.7336 0.5788 2.9843*** 2.3929*** 0.6841 0.8299 

z2 5.1817*** 4.8292*** 1.5636* 0.6906 -3.6121*** -14.6771*** 1.0512 0.9005 

Note: A positive z1 (z2) statistic indicates that the MV-SWARCH portfolio exhibits the higher mean (variance), whereas a negative statistic indicates a lower mean (variance). p < 0.001***, p < 

0.05**, p < 0.10*.  
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Figure 1: Continuously compounded daily returns (%) 
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Figure 2: Time-path of volatility states (South Africa) 
 

  
 

Figure 3: Time-path of volatility states (Kenya) 
 

  
 

Figure 4: Time-path of volatility states (Mauritius) 
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Figure 5: Time-path of volatility states (Morocco) 

 
 

Figure 6: Time-path of volatility states (Nigeria) 

 
 

Figure 7: Forecast differences 
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Figure 8: South Africa-Mauritius volatility states 
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Figure 9: SWARCH-CCC weight differentials 

 

Figure 10: SWARCH-BEK weight differentials 
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